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Unit 1

Topological Spaces

Objectives:

This unit defines what a topological space is, and discuss some of the elementary
concepts associated with topological spaces, namely, basis for a topology, open sets,
closed sets and limit points. Further, it gives different ways of constructing a topology

on a set so as to make it into a topological space.

1.1 Topological Spaces

Definition 1.1.1. A topology on a set X is a collection 7 of subsets of X with the
following properties:

)0, X er.

(ii) The union of the elements of any subcollection of T is in 7.

(iii) The intersection of the elements of any finite subcollection of T is in 7.

The ordered pair (X, T) is called a topological space.

Definition 1.1.2. If (X, 7) is a topological space, then a subset U of X is called an open

setif U € .

Definition 1.1.3. If X is any set, the collection of all subsets of X is a topology on X,
and is called the discrete topology on X. The collection consisting of X and () only is

also a topology on X, and is called the indiscrete topology (or) trivial topology.
Example 1.1.4. Consider a set X = {1,2}. Then

= {va}7
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n={0,X,{1}},
= {0,X,{2}}
and
r={0.X, {1}, {2}

are all topologies on X.

Example 1.1.5. Let X be a set and let 7 be the collection of all subsets U of X such
that X — U either is finite or is all of X. Then 1y is a topology on X, called the finite

complement topology.

Example 1.1.6. Let X be a set and let 7. be the collection of all subsets U of X such that

X — U either is countable or is all of X. Then 7. is a topology on X.

Definition 1.1.7. Let 7 and 7' be two topologies on a given set X. If 7 O 7, then we
say that 7' is finer than r. If 7 properly contains 7, then we say that 7 is strictly finer
than . We also say that T is coarser than 7, or strictly coarser, in those two respective
situations.

We say that T is comparable with 7' if either T D Tor 7> 7.

Example 1.1.8. On X = {1, 2, 3}, consider the topologies
m = {0.X {1}, 12}, {1,2},{1,3} } and

Ty — {@,X, (1}, {1,3}}.

Then Ty is strictly finer than .

But 3 = {@,X, {1}} and 7, = {@,X, {2}} are not comparable.

Remark 1.1.9. From the above example, it is clear that, two topologies on X need not be

comparable.

Let Us Sum Up:

In this section, we have seen the definitions of topology, topological space and open
set with some examples. We have also discussed the comparison of topologies on a

given set.



Check your Progress:

1. Which of the following is not a topology on X = {a, b, c}?

A) {4, X} (B) {¢, X, {a,b},{c}}
Q) {¢,X,{a,b},{a,c}, {a}} (D) None of these

2. If 7 ={¢, X, {a,c},{b}} is a topology on X = {a, b, c}, then which of the follow-

ing is not open?
(A) o (B) {a} (©) {b} (D) None of these

3. If = {(Z),X,{l},{l,i%}} and 7, = {(Z),X,{l}} are topologies on X = {a,b,c},

then which of the following is true?

(A) 7 is strictly coarser than 7, (B) 7, is finer than

(C) 7 is strictly finer than r (D) 7 is coarser than 7

1.2 Basis for a Topology

Definition 1.2.1. If X is a set, a basis for a topology on X is a collection % of subsets of
X (called basis elements) such that

(1) For each x € X, there is atleast one basis element B containing x.

(2) If x belongs to the intersection of two basis elements B, and B, then there is a basis

element Bj containing x such that B3 C By N Bo.

Definition 1.2.2. If 4 is a basis for a topology on X, then we define the topology T
generated by A as follows:

‘A subset U of X is said to be open in X (that is, to be an element of 1) if for each
x € U, there is a basis element B € 4 such that v € Band B C U".
Each member of A is in the topology T generated by 2.

i.e) Each member of % is open in X.

Example 1.2.3. The collection % of all circular regions (interiors of circles) in the plane

forms a basis.



Example 1.2.4. The collection %' of all rectangular regions (interiors of rectangles)

having sides parallel to the coordinate axes is also a basis for some topology on the plane.

Example 1.2.5. Let X be any set and % be the collection of all one-point subsets of X.
That is, # = {{x} e X } Then it is easy to see that % is a basis for the discrete
topology on X.

Lemma 1.2.6. Let X be a set and let A be a basis for a topology ™ on X. Then T equals

the collection of all unions of elements of 4.

Proof. Given a collection of elements of 4, they are also elements of 7. Because 7 is
a topology, their union is in 7. Conversely, given U € 7, choose for each z € U an
element B, of # such that z € B, C U. Then U = |J B,, so U equals a union of
elements of Z. < O

Remark 1.2.7. By the previous lemma, every open set U in X can be expressed as a union

of basis elements. However, the expression for U is not unique.

Lemma 1.2.8. Let X be a topological space. Suppose that & is a collection of open sets
of X such that for each open set U of X and each x in U, there is an element C of € such

that x € C C U. Then € is a basis for the topology of X.

Proof. First, let us prove that % is a basis.
(i) Let x € X. Since X itself is an open set, by hypothesis, there exists an element
C € € such thatz € C C X.
(i) Let x € C, N Cy where C,C, € €.
Since ' and C, are open, we have C; N (5 is also open. Then, by hypothesis, there is
an element C5 € € such that x € C5 C C; N Cs. Thus ¥ is a basis for some topology
on X.

Next, let 7 be the given topology on X and let 7 be the topology generated by the
basis €. Then, it is enough to prove that 7 = 7.
Let U € 7 and let z € U. Therefore, by hypothesis, there is an element C' € ¥ such
thatz € C C U.
=UcrT.

!
S.T DT,
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Now, let W € 7. Then by Lemma W equals the union of elements of ¥
Since every member of ¥ belongs to 7 and since 7 is a topology on X, the above union
is also a member of 7.

i.e) W € 7. Therefore 7 O 7.
Thus 7 = 7. O

The following lemma gives the criterion for comparing two topologies in terms of

their bases.

Lemma 1.2.9. Let # and &' be the bases for the topologies T and 7' respectively, on a
set X. Then the following are equivalent:

(1) 7' is finer than T.

(2) For each x € X and each basis element B € 9 containing x, there is a basis element

B € % suchthat x € B' C B.

Proof. (1) = (2). Suppose that 7 D 7.

Let z € X and let B € 4 such that x € B. Since every member of % belongs to 7, we
have B € 7. Then B € 7 because 7 O 7. Since 7 is generated by the basis 4, there
is an element B’ € &' such that z € B’ C B.

(2) = (1). Suppose that (2) holds.

We have to prove that 7’ O 7.

Let U € 7 and let x € U. Since 7 is generated by the basis %, there is an element
B e #suchthatx € BCU.

Now, we have a basis element B € % such that x € B. Therefore, by (2), there is an
element B’ € # such that z € B ¢ B. Since B C U, we have that there is a basis
element B € % such tahtz € B' C U.

=Uer.

Therefore, 7' D 7. O

Example 1.2.10. By Lemma one can easily see that the collection % of all circular
regions in the plane generates the same topology as the collection %" of all rectangular

regions in the plane whose sides parallel to the co-ordinate axes.

Definition 1.2.11. If 4 is the collection of all open intervals in the real line,
(a,b) ={x € R:a <z < b},

11



then the topology generated by A is called the standard topology on R.
Whenever we consider R, it means that R is given the standard topology.

If #' is the collection of all half open intervals of the form
[a,0) ={z €R:a <z <b},

where a < b, the topology generated by %' is called the lower limit topology on R. When
R is given the lower limit topology, we denote it by R,.

Let K ={1/n:n¢c Z,} and let #" be the collection of all open intervals (a, b), along
with all sets of the form (a,b) — K. The topology generated by %" is called the
K- topology on R. When R is given this topology, we denote it by R.

Lemma 1.2.12. The topologies of R, and R are strictly finer than the standard topology

on R, but are not comparable with one another.

Proof. Let 7, 7 and 7 be the topologies of R, R;, and Ry, respectively.
First, let us prove that the lower limit topology on R is strictly finer than the standard
topology on R. That is, to prove that 7 D 7 and 7 2 7.

Let x € R and consider the basis element (a, b) for 7 containing x. Then there is a
basis element [z, b) for 7 such that z € [x,b) C (a,b). Therefore, by Lemma we

have

!

T DT. (1.

Next, let # € R and consider the basis element [z,d) for 7. But there is no basis

element (a, b) for 7 so that x € (a,b) and (a,b) C [z, d). Therefore, by Lemma [1.2.9}

/

TDT. (1.2)

Thus, by and (I.2), 7 is strictly finer than 7.

Next, let us prove that the K-topology on R is strictly finer than the standard
topology on R. To prove 7 D 7, let z € R and consider the basis element (a, b) for 7
containing z. Then (a, b) itself is a basis element for 7" so that = € (a,b) C (a,b), and

SO

T DT. (1.3)
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Next, to prove 7 % 7 , let 0 € R and consider the basis element (—1,1) — K for 7
containing 0. But there is no basis element (a,b) for 7 containing 0 so that (a,b) C

(—1,1) — K. Therefore, by Lemma|1.2.9, we have
ThT. (1.4)

Thus, by (I.3) and (T.4), 7~ is strictly finer than 7.

Similarly, we can prove that the topologies of R; and Ry are not comparable. O

Definition 1.2.13. A subbasis S for a topology on X is a collection of subsets of X whose

union equals X.
Example 1.2.14. S = {{1},{2, 3}, {4} } is a subbasis for some topology on X = {1,2,3,4}.

Definition 1.2.15. The topology generated by the subbasis S is defined to be the

collection T of all unions of finite intersections of elements of S.

Example 1.2.16. On X = {1, 2,3, }, consider the subbasis S = {{1},{2,3}}.
Let us find the topology T generated by S .
Let A be the collection of all finite intersection of member of S. Then # = {{1},{2,3},0}.

Therefore, the topology generated by S is given by collecting all unions of member of A.
ie) T ={{1},{2,3},0,{1,2,3}}.

Let Us Sum Up:

In this section, we have studied the following concepts:
(1) Basis for a topology with examples
(2) Generating the topology from the given basis
(3) The criterion for comparing two topologies in terms of their bases
(4) Some topologies on the real line

(5) Subbasis for a topology

Check your Progress:

1. Which of the following is not open in R?

(A) (0,00)  (B) the set of rationals  (C) (1,3) U[2,5) (D) None of these

13



2. Which of the following is correct?

(A) Every basis is a topology
(B) Any two topologies are comparable
(C) Every basis is a subbasis for a topology

(D) None of these
3. Which of the following is not true for (1, 00)?

(A) openin R (B) open in R,

(C) open in Ry (D) None of these

1.3 The Order Topology

Definition 1.3.1. A relation on a set A is a subset C' of the cartesian product A x A. If
C'is a relation on A, we use notation xC'y to mean the same thing as (z,y) € C. We read

it “x is in the relation C to y."

Definition 1.3.2. An equivalance relation on a set A is a relation C' on A with the
following properties:

(1) (Reflexivity) xCx, Vx € A.

(ii) (Symmetry) If xCy then yC'.

(iii) (Transitivity) If xCy and yC'z, then xC'z.

Definition 1.3.3. A relation C on a set A is called an order relation (or) simple order
(or) a linear order if it has the following properties:

(i) (Comparability) For every x,y € A for which x # y either xC'y (or) yC'x.

(ii) (Non refelxivity) For no x in A does the relation xC'x hold.

(iii) (Transitivity) If xCy and yC'z, then xCz.

Definition 1.3.4. Suppose A and B are two sets with order relations <4 and <p respec-

tively. Define an order relation < on A x B by defining
a1 X by < as X by

if ay <A a9, Or if a1 = ag and by <p by. It is called the dictionary order relation on

A x B.

14



Definition 1.3.5. Suppose that A is a set ordered by the relation <. Let A, be a subset of
A. We say that the element b is the largest element of Ay if b € Agand x < b, Vx € A,.

Similarly, we say that a is the smallest element of Ay if a € Ag and a < x, Vx € A,.

Definition 1.3.6. Let X be a set with a simple order relation and assume that X has
more than one element. Let % denote the collection of all sets of the following types:

(i) All open intervals (a,b) in X.

(i) All intervals of the form [ag, ), where ay is the smallest element (if any) of X.

(iii) All intervals of the form (a, by], where by is the largest element (if any) of X.

The collection % is a basis for a topology on X, which is called the order topology.

Let us prove that 4 is a basis.
(1) Let z € X. If z is the smallest element of X, then every element in % of type
(ii) contains z. If x is the largest element of X, then every element in % of type (iii)
contains z. If x is neither a smallest nor a largest element of X, then = belongs to a
member in & of type (i). So, the first condition for a basis is satisfied.
(2) Since intersection of any two members of % is again a member of 4, the second

condition for a basis is also satisfied. Therefore, £ is a basis.

Remark 1.3.7. If X has no smallest element, then there are no sets of type (ii), and if X

has no largest element, then there are no sets of type (iii) in A.

Example 1.3.8. Consider the real line R with usual order (<). Since R has neither a
smallest element nor a largest element, the basis for the order topology on R consists of
only open intervals in R. Thus, the order topology on R is same as the standard topology

on R.

Example 1.3.9. Consider the set R x R with the dictionary order relation. Let us denote
any element of R x R by x x y. Since the set R x R has neither a smallest element nor
a largest element, the order topology on R x R has as basis the collection of all open

intervals of the form (a x b,c x d) for a < ¢, and for a = ¢,b < d.

Example 1.3.10. Consider the ordered set of positive integers Z.
Clearly, 1 is the smallest element of Z, and has no largest element. Then, the basis

elements for the order topology on Z, are of type (i) and (ii).

15



Let us prove that the order topology on Z. is the discrete topology.

We prove this by proving that every one point set is open in the order topology.

Let n € Z4 with n > 1. Then {n} = (n — 1,n + 1), which is a basis element for the order
topology on Z,. Also, {1} = [1,2) is also a basis element.

We know that every basis element is open.

Thus, every one point set is open.

Example 1.3.11. Consider the ordered set X = {1,2} x Z, with the dictionary order

relation. Then

X = {1,2} xZ,
= {1,2} x{1,2,3,---}

= {Ix1,1x21x3,---,2x1,2x2,2x3,---}

Clearly, 1 x 1 is the smallest element of X.

If we denote 1 x n by a,, and 2 x n by b, ¥Yn € Z,, then
X:{al,CLQ,“' 7blab27'“}'

Claim: The order topology on X is not the discrete topology.

We have
{a1} = a1, az),
{az} = (a1,a3),
{an} = (an,l, anH)a
and

{ba} = (b1, 03),
{bs} = (b2, b4),

{on} = (bn-1,bns1),

16



That is, the above 1-point sets are all written in the form of basis element for the order
topology on X. So, they are all open. But {b;} can not be written in any of the basis
element structure.

Also, every basis element containing by consists of the points of the a; sequence. So, it

can not be a subset of {b,}. Therefore {b,} is not open. Hence our claim.

Definition 1.3.12. If X is an ordered set, and a is an element of X, there are four subsets

of X that are called the rays determined by a. They are the following:

)={reX:z>a},
ya)={x € X :x<a},
a,+o00) ={r e X :x>a},

(—o0,a] ={z e X :z <a}.

Sets of the first two types are called open rays, and sets of the last two types are called

closed rays.

Remark 1.3.13. If X is an ordered set, then
(1) open rays in X are open sets in the order topology.

(2) open rays form a subbasis for the order topology on X.

Let Us Sum Up:

In this section, we have studied the following concepts:
(1) Order topology with examples
(2) Open rays and closed rays

Check your Progress:

1. Which of the following is a basis element for the dictionary order topology on

R x R?
(A) ((—1) x (—1), (~1) x 0) (B) (0 x1,(—1) x o)
© (o % (—1), (—1) x o) (D) ((—1) % 0, (—1) x (-1))

17



2. For which of the following sets, all the three types of basis elements exist for the

order topology?

(A) Zy (B) R,

) {1, 1 .} (D) [a,b] with a,b € R

) 9939 4
3. The order topology on Z, is .............

(A) the standard topology (B) the indiscrete topology

(C) the discrete topology (D) the trivial topology

1.4 The Product Topology on X x Y

Definition 1.4.1. Let X and Y be topological spaces. The product topology on X x Y
is the topology having as basis the collection % of all sets of the form U x V, where U is

an open subset of X and V is an open subset of Y.

Theorem 1.4.2. If 4 is a basis for a topology on X and € is a basis for a topology on Y,
then the collection

2 ={BxC|Be Band C € ¢}

is a basis for the topology on X x Y.

Proof. Let us prove that Z is a basis using Lemma Let W be an open set in the
product topology of X x Y and let a point x x y of W. Then, by the definition of the
product topology, there exists a basis element U x V such thatz x y € U x V. C W.
Since U is open in X and the topology on X is generated by the basis 4, there is a
member B € # such thatz € B C U.

Similarly, there exists a member C' € ¥ such that y € C C V. Therefore, z x y €
BxC C UxV. Butalready we have U x V. C W. Thus, we have a member Bx C € ¥
suchthatz xy e BxC Cc W.
= 9 satisfies the hypothesis of Lemma [1.2.8] Therefore, 2 is a basis for the topology
on X xY. O

18



Example 1.4.3. Consider, the standard topology (order topology) on R. The product of
this topology with itself is called the standard topology on R x R = R2. Its basis is given
by the collection of all products U x V' of open sets of R.

But the previous theorem shows that the much smaller collection of all products (a, b) x
(c,d) of open intervals in R, will also be a basis for the topology on R?. Also each such set
can be pictured as the interior of a rectangle in R2.

Thus, the standard topology on R? is same as the topology generated by the basis

consists of all open rectangles in R? with sides parallel to the co-ordinate axes.
Definition 1.4.4. Let m; : X X Y — X be defined as

m(z,y) ==z
and let w5 : X x Y — Y be defined as

To(,y) = y.
The maps 7, and w5 are called projections of X x Y onto X and Y, respectively.
Remark 1.4.5. If U is an open subset of X, then

o' U) = {(z,y) € X xY :m(x,y) €U}
= {(z,y) e X xY :zeU}

= UxY.

Since U is open in X and Y is open in Y, we have U x Y = 7, }(U) is open in X x Y.
Similarly, if V is an open subset of Y, then n;'(V) = X x V is openin X x Y. Thus,

M O)Nm (V) =UxY)N(XxV)=UnX)x (YNV)=UxV.
Theorem 1.4.6. The collection
S= {wfl(U)]Uis open in X } U {w;l(V)]Vis open in Y}
is a subbasis for the product topology on X x Y.

Proof. Let T denote the product topology on X xY and let 7 be the topology generated

by S. Because every element of S belongs to 7, so does arbitrary unions of finite

19



intersections of elements of S. Thus 7 O 7. For the reverse inclusion, note that every

basis element U x V for the topology 7 is a finite intersection of elements of S, since
UxV=r1U)Nm" (V).
Therefore, U x V € 7, so that 7 D 7. Hence 7 = 7. O

Let Us Sum Up:

In this section, we have studied the following concepts:
(1) Product Topology on X x Y with examples
(2) Projections on product of two topological spaces

(3) Subbasis for the product topology on X x Y

Check your Progress:

1. Which of the following collections is not a basis for the standard topology on R??

(A) all products of open sets of R
(B) all products (a, b)x(c, d) of open intervals in R
(C) all circular regions in R?

(D) None of these

2. Let X and Y be topological spaces. If U is an open subset of X, then 7' (U) =............ ?
(A) X xY B)UXY QQUNX DU xX

3. The projection map 75 : X XY — Y is

(A) not a bijection (B) onto (C) an open map (D) All of these

1.5 The Subspace Topology

Let X be a topological space with topology 7. If Y is a subset of X, then the collection
v ={YNU|U € 7}

is a topology on Y, called the subspace topology. With this topology, Y is called a
subspace of X.

20



Theorem 1.5.1. If A is a basis for the topology of X, then the collection
By = {BNY|B € )
is a basis for the subspace topology on Y.

Proof. Consider an open subset Y N U of Y where U is open in X and lety € Y N U.

Since U is open in X and since y € U, there is an element B € # suchthaty € B C U.
=yeBNY CYnNnU.

Thus, we have a member BNY € %Ay such thaty € BNY C Y NU. Therefore, By
Lemma(1.2.8, Ay is a basis for the subspace topology on Y. O

Definition 1.5.2. If Y is the subspace of X, we say that a set U is open in Y (or open
relative to Y) if it belongs to the topology of Y. We say that U is open in X if it belongs
to the topology of X.

Theorem 1.5.3. Let Y be a subspace of X. If U isopen in Y and Y is open in X, then U

is open in X.

Proof. Since U is open in Y, we have U = Y NV, where V is open in X. Since Y and

V are open in X, we have U is open in X. ]

Theorem 1.5.4. If A is a subspace of X and B is a subspace of Y, then the product

topology on A x B is the same as the topology A x B inherits as a subspace of X x Y.

Proof. Let the general basis element for the product topology on X x Y be U x V,
where U is open in X and V is open in Y. Therefore, (A x B) N (U x V) is the general
basis element for the subspace topology on A x B.

Now, (Ax B)N(UxV)=(ANU) x (BNV).
Since U is open in X, we have AN U is open in A. Similarly, B NV is open in B.
Therefore, (AN U) x (BNV) is a general basis element for the product topology on
A x B.

Thus, we have proved that the bases for the subspace topology on A x B and for
the product topology on A x B are the same. Hence the corresponding topologies are

same. O]
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Example 1.5.5. Consider a subset Y = [0, 1] of R in the subspace topology.
Then the basis for the subspace topology on Y is given by

PBy ={Y N (a,b)|(a,b)is an open interval in R},

where

(a,b) ifaand b arein,

[0,b) ifonlybisin?,

(a,1] ifonlyaisin?,

Yor () if neitheranorbisin?.

Y N(a,b) =

By the definition, each of the above sets is open in Y. But sets of the second and third

types are not open in R.

Remark 1.5.6. Let X be an ordered set in the order topology and let Y be a subset of X.
When the order relation on X is restricted to Y, it makes Y into an ordered set. However,
the resulting order topology on Y need not be the same as the topology that Y
inherits as a subspace of X.

If we consider the previous example, the collection %y forms a basis for the order
topology on Y also. Thus in the case of Y = [0, 1], its subspace topology as a subspace of
R and its order topology are the same. But it is not true always. For example,

(D Consider a subset Y = [0,1) U {2} of R. Since {2} = Y N (1,3), we have {2} is
open in the subspace topology on Y. But in the order topology on Y, any basis element
containing 2 is of the form {z|x € Yand a < x < 2} for some a € Y, and hence it cannot
be a subset of {2}. Therefore, {2} is not open in the order topology on Y.

(i) Let us see another example for the above remark.

Let I = [0,1] and consider R x R in the dictionary order topology. Then, the dictionary
order topology on I x I is not the same as the subspace topology on I x I obtained from
the dictionary order topology on R x R.

For, let U = {3} x (3,1]. Since U = (I x I) NV, where V = {3} x (3,2) is open in
the dictionary order topology on R x R, U is open in the subspace topology on I x I.

But, in the dictionary order topology on I x I, if we consider the point % x 1in U,
then any open interval (a x b, ¢ x d) containing 3 x 1 will not be a subset of U. Thus U is

not open in the dictionary order topology on I x I.

Note: [ x I in the dictionary order topology is called the ordered square and is

denoted by 2.
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Definition 1.5.7. Let X be an ordered set. Then the subset Y of X is said to be convex

in X if for each pair of points a < b of Y, the entire interval (a,b) of points of X lies in
Y.

Note that in an ordered set X, all the intervals and rays are convex in X.

Theorem 1.5.8. Let X be an ordered set in the order topology and let Y be a subset of X
that is convex in X. Then the order topology on Y is the same as the topology Y inherits

as a subspace of X.

Proof. Consider the ray (a,+o00) in X. We know that open rays are open sets in the
order topology. So, (a,+0c0) is open in X.

Now, consider (a,+o0) NY . If a € Y, then
(a,+00)NY ={z:2 €Y and =z > a},

which is an open ray in the ordered set Y.
If a ¢ Y, then by the convexity of Y, eitherz >aVr € Yorz <aVzeY.
That is, either a is a lower bound on Y or an upper bound on Y.
If a is a lower bound on Y, then (a,+00)NY =Y.
If a is an upper bound on Y/, then (a, +oo0) NY = ().
Thus, the set (a,+00) NY is either an open ray of Y, or Y itself, or empty.
Similarly, the set (—oo,a) NY is either an open ray of Y, or Y itself, or empty.
.. The collection of all the sets (a,+00) NY and (—oo,a) N'Y form a subbasis for the
subspace topology on Y.
But, we know that each of the above subbasis element is an open set in the order
topology on Y.
That is, every subbasis element for the subspace topology on Y belongs to the order
topology on Y.
Hence, order topology on Y D subspace topology on Y.
Let us prove the reverse inclusion.
We know that, open rays of the ordered set Y form a subbasis for the order topology
on Y. Also, we know that any open ray of Y equals the intersection of an open ray of

X with Y. So, any open ray of Y is open in the subspace topology on Y.
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That is, every subbasis element for the order topology on Y belongs to the subspace
topology on Y.
subspace topology on Y D order topology on Y.

Hence the theorem. O]

Let Us Sum Up:

In this section, we have studied the following concepts:
(1) Subspace topology with examples

(2) Relation between the subspace topology and the order and product topologies

Check your Progress:

1. In which of the following subspaces of R, the order of topology and the subspace

topology are not the same?

(A) (—1,1) (B) the set of rationals

(©) [0,2)U(1,3] (D) None of these
2. Let Y be a subspace of X. If U is open in X, then

(A) UNn X isopeninY B)UNY isopeninY

C©UNX=¢ DUNY =¢

3. For the subset Y = [0, 1] of R, which of the following is not a basis element for

the subspace topology on Y?

(A) [0,1) (B) (0,1] @ (-1,1) (D) None of these

1.6 Closed Sets and Limit Points

Definition 1.6.1. A subset A of a topological space X is said to be closed if X — A is

open.

Example 1.6.2. 1. Consider a subset [a,b] of R. Since R — [a,b] = (—00,a) U (b, 00)

is open in R, [a, b] is closed in R.
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. Consider a subset [a,o0) of R. Since R — [a,00) = (—o0,a) is open in R, [a, 00) is

closed in R.

. Consider a subset (—o0, a] of R. Since R — (—o0, a] = (a,0) is open in R, (—o0, a

is closed in R.

. Consider a subset {a} of R. Since R — {a} = (—00,a) U (a,o0) is open in R, {a} is

closed in R.

. Consider [a,b) of R with a < b. Since R — [a,b) = (—00,a) U [b, 00) is not open in

R, [a,b) is not closed in R.

. Consider a subset [a,b) of R;. Then R — [a,b) = (—00,a) U [b,00). Since (—o0,a)
is open in R and since the lower limit topology on R is (strictly) finer than the
standard topology on R, the set (—oo,a) is open in R, also. Also, we know that
[b,00) is open in R,. Hence, their union R — [a,b) is open in R;. Therefore, [a,b) is

closed in R;.

. Consider a subset A = {zx xy : * > 0and y > 0} of R% Then R? — A =
{(=00,0) x R}FU{R x (—00,0)}. Since (—o0,0) x R and R x (—o0, 0) are products
of open sets in R, they are open in R

= R% — Ais open in R2

= A is closed in R2.

. Consider the finite complement topology on a set X.

ie) 7y ={UCX:X—-Uisfiniteor X —U = X}.

Let A C X. Then, Aisclosedin X if X — Ais open in X.

Thatis, Aisclosedin X if X — A € 4.

Thatis, Ais closedin X if X — (X — A) is finite (or) X — (X — A) = X. That is,
Ais closed in X if A is finite (or) A = X.

Thus, the closed sets of X in the finite complement topology are finite subsets of X,
and X itself.

. Consider the discrete topology on a set X. We know that, every subset of X is open
in this topology. Also, if A C X, then X — A C X.

25



= X — Aisopen VA C X.

That is, complement of every subset of X is open. Hence, every subset of X is closed.

10. Consider a subset Y = [1,2] U (3,5) of R in the subspace topology.
SinceY —[1,2] = (3,5) =Y N(3,5)and Y — (3,5) = [1,2] =Y N (0, 3), both [1, 2]
and (3,5) are closed in Y.

Theorem 1.6.3. Let X be a topological space. Then the following conditions hold:
(1) O and X are closed.
(2) Arbitrary intersections of closed sets are closed.

(3) Finite unions of closed sets are closed.

Proof. (1) Since () and X are the complements of the open sets X and () respectively,
) and X are closed in X.
(2) Consider the collection of closed sets { A, }acs in X.
By DeMorgan’s law, we have
X -4 = JX - 4).
aet ac]

Since each X — A, is open, their arbitrary union J (X — A,) is open.

acJ
= X — [ A, is open.
acJ
= () A, is closed.

aeJ

(3) Let Ay, Ay, --- , A, be closed subsets of X.

By DeMorgan’s law, we have

IDE

i=1

Since each (X — A;) is open, their finite intersections is also open.

That is, () (X — A;) is open.
i=1

1

%

= X — |J A; is open.

=1

Hence, J A; is closed. O
i=1

Definition 1.6.4. If Y is a subspace of X and A C Y, then we say that A is closed in Y
(that is, A is closed in the subspace topology on Y) if Y — Aisopenin Y.
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Theorem 1.6.5. Let Y be a subspace of X. Then a set A is closed in Y if and only if it

equals the intersection of a closed set of X with Y.

Proof. Suppose that A is closed in Y.

=Y —AisopeninY.

=Y — A=Y NU for some open set U in X.

Then X —Uisclosedin X and Y N (X —U) = A.

i.e) A equals the intersection of a closed set of X with Y.
Conversely, suppose that A = C'NY, where C is closed in X.

= X —(Cisopenin X.

= (X —-C)nYisopeninY.

But (X -C)nY =Y — A

S.Y —Aisopenin Y.

Hence, A is closed in Y. O

Theorem 1.6.6. Let Y be a subspace of X. If Ais closed in Y and Y is closed in X, then
A'is closed in X.

Proof. Since A is closed in Y, by previous theorem, we have A = U NY, where U is
closed in X. Since Y and U are closed in X, their intersection is also closed in X. That

is, A is closed in X. O

Definition 1.6.7. Given a subset A of a topological space X, the interior of A is defined

as the union of all open sets contained in A, and is denoted by Int A.

Remark 1.6.8. The following are true always:
(i) Int A is an open set.

(i) Int A C A.

(iii) If A is open, then Int A = A.

(iv) Int A is the largest open set contained in A.

Definition 1.6.9. Given a subset A of a topological space X, the closure of A is defined

as the intersection of all closed sets containing A, and is denoted by A.
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Remark 1.6.10. The following are true always:
(i) Ais a closed set.

(ii) If A is closed, then A = A.

(iii)) A C A.

(iv) A is the smallest closed set containing A.

Theorem 1.6.11. Let Y be a subspace of X and A be a subset of Y and let A denote the
closure of A in X. Then the closure of AinY equals ANY.

Proof. Let B denote the closure of Ain Y.
We have to prove that B=ANY.

Since A is closed in X, by Theorem [1.6.5] A NY is closed in Y. Also, since A C A
and A C Y, wehave A C ANY. Since B is the intersection of all closed subsets of Y’
containing A, we must have B C ANY.

Let us prove the other inclusion.

Since B is closed in Y, we have B = C' NY for some C closed in X. Then B C C.
Also, we know that A C B. Therefore, we have A C C.

i.e) C is a closed subset of X containing A. But, A is the intersection of all such closed
sets. So, we conclude that A C C.
= ANY cCnY =B.

Hence the theorem. O]

Theorem 1.6.12. Let A be a subset of a topological space X. Then
(a) € A if and only if every open set U containing x intersects A.
(b) Suppose the topology of X is given by a basis. Then x € A if and only if every basis

element B containing x intersects A.

Proof. (a) The statement in (a) is equivalent to the following statement.
“r ¢ Aif and only if there exists an open set U containing x that does not intersect A".
Let us prove this statement.

Suppose that z ¢ A. Then 2 € X — A. Since A is closed, X — A is open. Also,
(X —A)N A = () because A C A. Thus, we have an open set X — A containing = such
that (X — A)NA=10.
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Conversely, let U be an open set containing z such that U N A = (). Then X — U is
a closed set containing A. Therefore, by the definition of A,
AC X —U. Since xr ¢ X — U, we have x ¢ A also.
(b) Suppose that x € A. Then by (a), every open set containing x intersects A. But,
every basis element is an open set. Therefore, every basis element B containing x also
intersects A.

Conversely, suppose that every basis element containing z intersects A.
Let U be an open set containing x. Then, by the definition of open set, there exists a
basis element B such that x € B C U. Therefore, B N A # () by our hypothesis. Since
BNACUNA, wehave UN A # (). Thus, every open set containing z intersects A.
So, by (a), » € A. O

Note that from now onwards, the statement "U is an open set containing z" can be

rephrased as "U is a neighborhood of z".

Example 1.6.13. (1) Consider a subset A = (0,1] of R. Clearly A C A. Since every
neighborhood of 0 intersects A, by (a) of Theorem 0 € A. But every point outside
[0, 1] has a neighborhood disjoint from A. Therefore A = [0, 1].

(2) Consider a subset B = {1/n : n € Z,} of R. Clearly, B C B. Since every
neighborhood of 0 intersects B, we have 0 € B. But, every point outside B (except 0) has
a neighborhood disjoint from B. Therefore, B = B U {0}.

(3) Consider the space X = {1,2,3} with the topology 7 = {0, X, {2},{2,3}}.

(D) Let A= {1,3} C X.

Clearly, A C A. Consider 2 € X. Then neighborhoods of 2 are X, {2} and {2, 3}.

But {2} N A = 0.

=2¢ A

Therefore A = {1,3}.

(i) Let B ={2,3} C X.

Clearly B C B. Consider 1 € X. Then X is the only neighborhood of 1 such that

XNB=Xn{23}#£0

=1€eB.

Therefore B = {1,2, 3}.

(4) Consider Z, = {1,2,3,---}inR. Then, Z, = Z,.
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(5) Consider R, = (0,00) in R. Then, R, = R, U {0}.

(6) If Q is the set of rational numbers in R, then Q = R.

(7)) IfC={0}u(1,2)inR, then C = {0} U[L,2]

(8) Consider the subspace Y = (0,1] of R. If A= (0,1) C Y, then
A=Closure of Ain R = [0, 1].

= Closure of AinY = ANY =1[0,4] N (0,1] = (0, 1.

Definition 1.6.14. If A is a subset of the topological space X and if x € X, then we
say that x is a limit point (or cluster point or a point of accumulation) of A if every
neighborhood of x intersects A in some point other than = itself.

That is, z is a limit point of A if x € A — {x}. The set of all limit points of A is denoted
by A'.

Example 1.6.15.

(1) Consider a subset A = (0,1] C R.

Then A" = [0, 1] because no other point of R is a limit point of A.

(2) Consider the subset B={1/n:n€Z,} CR.
Then B’ = {0}.

(3) Consider the topological space X = {1, 2, 3} with the topology
r=1{0,X,{2},{2,3}}, and take A = {1, 3}.
Consider 1 € X. Then X is the only neighborhood of 1 such that

XN(A-{1}) =X {3} = {3} £0.

=1eA.
Next, consider 2 € X. Then X,{2},{2,3} are the neighborhoods of 2 such that

XN (A-{2}) =X N{1,3} = {1,3} #0,

{273} N (A - {2}) = {273} n {173} - {3} # ®7
but

{2y n(A—-{2}) ={2} n{1,3} =0.
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=2¢A.
Next, consider 3 € X. Then X and {2, 3} are the neighborhoods of 3 such that

XN(A-{3}) =Xxn{1}={1} #0,

but
{2,3} N (A—{3}) ={2,3}n{1} = 0.
=3¢ A.
Therefore, 1 is the only limit point of A, and hence A" = {1}.
(4) Consider A = [1,2) C R;. Then A" = [1,2).

Here, 2 is not a limit point of A because the open set [2,3) does not intersect A — {2}.

Theorem 1.6.16. Let A be a subset of the topological space X, and let A" be the set of all
limit points of A. Then A= AU A’

Proof. Letx € A.

If 2 € A, then trivially z € AU A", So, suppose that = ¢ A.

Since = € A, every neighborhood U of x must intersect A in a point different from z.
= x is a limit point of A.

ie)rcA.

>z AUA

AcAuUA (1.5)

Let us prove the other inclusion.

Letz e A'.

= Every neighborhood of z intersects A (in some point different from z).
=z € A.

A C A

But, always A C A.

S AUA C A (1.6)
From (L.5) and (1.6), we have A = AU A", O
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Corollary 1.6.17. A subset of a topological space is closed if and only if it contains all its

limit points.

Proof. Let A be a subset of X. Then,
Aisclosed <= A=A
<= A= AUA (by previous theorem)
— ADA. O

Definition 1.6.18. Let X be any arbitrary topological space. Then, we say that the
sequence 1, s, - - - of points of the space X converges to the point x of X provided that,
corresponding to each neighborhood U of x, there is a positive integer N such that x,, € U

VY n> N.

Example 1.6.19. Let X = {a,b, c} and consider the topology
=10, X,{b},{a,b},{b,c}} on X. Consider the sequence {x,} defined by x, = b Vn.
By the definition, this sequence converges not only to the point b, but also to the points a

and c.

Definition 1.6.20. A topological space X is called a Hausdorff space, if for each pair
x1, x9 of distinct points of X, there exist disjoint neighborhoods U, and U, of z, and z»,

respectively.
Example 1.6.21.

(i) R is a Hausdorff space.

(ii) Consider X = {a, b} with discrete topology. Then X is a Hausdorff space.
Theorem 1.6.22. Every finite point set in a Hausdorff space X is closed.

Proof. Given that X is a Hausdorff space.

First, let us prove that every singleton set {2y} C X is closed.

Claim: {z,} = {z}.

Let x € X such that z # z.

Since X is Hausdorff, 3 disjoint neighborhoods U and V' of x and =, respectively.
Thus, we have a neighborhood U of = so that U N {xy} = (), because U NV = (.

ix%@.
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s Az} = {x0}.

= {x¢} is closed.

Now, consider a finite subset A = {z1,x9,--- ,x,} of X. Then
A={zy, 29,z ={x1} U{z2} U---U{z,}.

Since finite union of closed sets is closed, A is closed. O

Definition 1.6.23. A topological space X is said to satisfy the Ti-axiom if every finite

point set of X is closed.

Theorem 1.6.24. Let X be a space satisfying the Ti-axiom and let A be a subset of X.
Then the point x is a limit point of A if and only if every neighborhood of x contains

infinitely many points of A.

Proof. Suppose that every neighborhood of z contains infinitely many points of A.
= Every neighborhood of x intersects A in some point other than .
= x is a limit point of A.
Conversely, suppose that z is a limit point of A.
We have to prove that every neighborhood of = contains infinitely many points of A.
Suppose not, then 3 a neighborhood U of x such that U intersects A in only finitely
many points. Since x is a limit point of A, U also intersects A — {z} in only finitely
many points.

So,let UN(A—{z}) ={x1, 29, , T}

Since X satisfies the 7}-axiom, {z,zs, -, x,,} is closed.
= X — {x1,29, -+ ,2,,} is Open.

Also, v € X — {1, 29, , T}

i.e) X — {x1,29, -+ ,x,} is a neighborhood of z.

Hence, U N (X — {z1, 22, -+ ,x,,}) is also a neighborhood of z.
But, UN (X — {z1, 22, , 2 }) N (A= {z})

=UNA-{z}) N (X — {21,202, , i })

={z1, 29, , T} N (X —{zq, 29, - ,xm})

= (.

This contradicts our hypothesis that z is a limit point of A.

Hence, every neighborhood of z contains infinitely many points of A. O
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Theorem 1.6.25. If X is a Hausdorff space, then a sequence of points of X converges to

at most one point of X.

Proof. Given that X is a Hausdorff space.

Let {z, } be a sequence of points of X that converges to a point = of X.

Let y € X such that y # .

Since X is a Hausdorff space, 3 disjoint neighborhoods U and V' of = and vy, respec-
tively.

Since {x,} converges to z, U contains z,, for all but finitely many values of n.

But, since U NV = (), V can contain only finitely many x,,’s.

= {z,,} cannot converge to y.

Hence the theorem. O]

Definition 1.6.26. If the sequence {x,} of points of the Hausdorff space X converges to

the point x of X, then we can write x,, — x, and we say that x is the limit of the sequence

Let Us Sum Up:

In this section, we have discussed the following concepts:
(1) Closed sets with examples
(2) Closure of a set with examples
(3) Closure in a subspace
(4) Limit point of a set with examples
(5) Relation between closure and set of limit points
(6) Convergence of a sequence
(7) Hausdorff spaces

(8) T;- axiom

Check your Progress:

1. If A is a subset of the topological space X, then which of the following is not

correct?

(A) A is closed B)A=A QADA (D) None of these
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2. The closure of {2} in the discrete topology on X = {1,2,3} is
A) {1,2} (B) {2,3} QO X (D) {2}
3. (-1,1)inRis
(A) a basis element (B) an open set
(C) not a closed set (D) All of these
Unit Summary:

In this unit, the definition of topological space is introduced with examples. Vari-
ous concepts like basis for a topology, subbasis for a topology, order topology, product
topology, subspace topology, Hausdorff spaces, closed sets and limit points were ex-

plained in detail.

Glossary:
e Open set - Member of the topology
e R - The real line with standard topology
e R - The real line with lower limit topology
e Ry - The real line with K-topology

e Neighborhood of x - An open set containing x

e X — A - Complement of A in X

Self-Assessment Questions:

(1) Show that the topologies of R, and R, are not comparable.

(2) Show that if Y is a subspace of X, and A is a subset of Y, then the topology A
inherits as a subspace of Y is the same as the topology it inherits as a subspace of X.
(3) Consider the set Y = [—1, 1] as a subspace of R. Which of the following sets are
open in Y'? Which are open in R?

A={x|1/2 < |z| < 1},

B ={z|1/2 < |z| < 1},
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C={z|]1/2 < |z| < 1},

D={a1/2< 2| <1},

E={z|0<|z|<land l/z ¢ Z,}.

(4) Show that if A is closed in X and B is closed in Y, then A x B is closed in X x Y.
(5) Show that if U is open in X and A is closed in X, then U — A is open in X, and
A —U is closed in X.

Exercises:

(1) If {7, } is a family of topologies on X, show that N7, is a topology on X. Is Ur, a
topology on X?

(2) Let {7, } be a family of topologies on X. Show that there is a unique smallest topol-
ogy on X containing all the collections 7,, and a unique largest topology contained in
all ..

(3) Prove that every simply ordered set is a Hausdorff space in the order topology.

(4) Prove that product of two Hausdorff spaces is a Hausdorff space.

(5) Prove that a subspace of a Hausdorff space is a Hausdorff space.

Answers for check your progress:

Section 1.1 1. (D) 2. (B) 3. (O
Section 1.2 1. (B) 2. (O) 3. (D)
Section 1.3 1. (A) 2. (D) 3. (C)
Section 1.4 1. (D) 2. (B) 3. (D)
Section 1.5 1. (B) 2. (B) 3. (O
Section 1.6 1. (B) 2. (D) 3. (D)
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Unit 2

Continuous Functions

Objectives:

This unit deals with continuous functions defined on a topological space, properties

of continuous functions and the concepts of product topology and metric topology.

2.1 Continuous Functions

Definition 2.1.1. Let X and Y be topological spaces. A function f : X — Y is said to be
continuous if for each open subset V of Y, the set f~'(V') is an open subset of X.

Here, f[7Y(V) = {z € X : f(z) € V} and f~Y(V) = 0 if V does not intersect the
image set f(X).

Continuity of a function not only depends on the the function itself, but also on the

topologies given on X and Y.

Remark 2.1.2. If the topology of the range space Y is given by a basis %, then to prove
the continuity of f, it suffices to show that the inverse image of every basis element is
open.

For, let V be open in Y. Then V can be written as a union of basis elements.
i.e) V = |J B,, where B, are in A.

aeJ

Then, f~'(V) = U f1(B.).

aed

ie) f71(V)isopenin X ifeach f~*(B,) is open in X.

Remark 2.1.3. If the topology on Y is given by a subbasis S, then to prove the continuity

of f it suffices to show that the inverse image of each subbasis element in open.
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For, let B be any basis element for the topology generated by the subbasis S. Then
BleﬂSgﬁ~--ﬁSn, WhereSl,Sg,--- ,Sn S

= f7'(B)= (SN fHS) N0 (S,

. f71(B) is open if inverse image of each subbasis element is open.

Example 2.1.4. Consider the function f : R — R by f(x) = 5.
We know that the collection of all open intervals in R is a basis for the standard topology
on R. So, to prove the continuity of f, it is sufficient to prove that inverse image of every

open interval is open under f. Consider any open interval (a,b) in the range space R.

Then

(b)) = {zeR: @) € (a,b)
= {zcR:2°€ (a,b)}
= {z€R:a<2’<b}
= {zeR:d? <z <b'/?}

— @),
which is open in the domain space R. Therefore, f is continuous.

Example 2.1.5. Consider the identity function f : R — R, defined by
f(z) =z, Voz e R

For any basis element [a,b) in R,

f’1<[a, b)) — {zeR: f(z) € [a,0)}
= {zreR:z€ab)}
= {zeR:a<z<b}
= [a/’b)7

which is not open in R. Therefore, f is not continuous.

Example 2.1.6. Consider the identity function g : R, — R defined by
g(x) =z, Vx € R,
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For any basis element (a,b) in R,

(@) = {zeRi:g@) € (ab)
= {zeR:xz€(a,b)}
= {zeR:a<x<b}

= (a,0),
which is open in R;. Therefore, g is continuous.

Example 2.1.7. Let Y = {a, b} with discrete topology and consider the function f : R —
Y by

_Jaif <0
f(x)—{ b if x>0.
We know that {{a}, {b}} is a basis for the discrete topology on Y.

Now,

FHH0}) = {weR:fa) e b}
= {zeR: f(x) =10}
= {zeR:2>0}

= (0,00),
which is an open set in R. But

f({a}) = {reR:f@) e {a}}
= {zeR: f(z)=a}
= {zeR:2<0}

= (—OO, 0]7
which is not open in R. Therefore, f is not continuous.

Theorem 2.1.8. Let X and Y be topological spaces and let f : X — Y. Then the
following are equivalent:

(1) f is continuous.

(2) For every subset A of X, f(A) C f(A).
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(3) For every closed set B of Y, the set f~'(B) is closed in X.
(4) For each x € X and each neighborhood V' of f(x), there is a neighborhood U of x
such that f(U) C V.

If the condition in (4) holds for the point x € X, we say that f is continuous at the

point z.

Proof. We show that (1) = (2) = (3) = (1) and that (1) = (4) = (1).
(1) = (2):

Suppose that f is continuous, and let A C C.

To prove: f(A) C f(A).

Let v € A so that f(x) € f(A).

To prove f(x) € f(A), let V be a neighborhood of f(z). Then z € f~*(V).

Since V is open in Y and f is continuous, we have that f~!(V) is open in X.

i.e) f~1(V) is a neighborhood of z in X. Since x € A, f~*(V) must intersect A. So, let
ye An fY(V).

=yeAandye f1(V).

= f(y) € f(A) and f(y) € V.

= f(y) € F(A)NV.

i.e) V intersects f(A).

.. Every neighborhood of f(x) intersects f(A).

= f(z) € f(A).

Thus, f(A) C f(A).

(2) = (3):

Suppose that (2) holds.

Let B be closed in Y and let A = f~'(B).

To prove: A = A.

Now, A= [-X(B) = f(4)=[(j"(B)) C B.
If v € A, then f(z) € f(A) C f(A) C B = B. [since B is closed]
Thus,z € A=z € f4B) = A.

ie) AcC A.

Already, we know that A C A.

Therefore, A = A.
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(3) = (1):
Suppose that (3) holds.
Let V beopenin Y. Then Y — V is closed in Y.
- By (3), f71(Y — V) is closed in X.
But, f~1(Y — V) = [H(Y) - [{(V) = X — [7Y(V)
X — f7YV) is closed in X.
= f~1(V) is open in X.
.. By the definition, f is continuous.
(1) = (4):
Suppose that f is continuous.
Let z € X and V be a neighborhood of f(z).
- By (1), f~1(V) is open in X.
Also, f(x) eV = x € f7YV).
. f71(V) is a neighborhood of z.
Take U = f~1(V).
Then f(U) = f(f7'(V)) C V.
.. (4) holds.
(4) = (1):
Suppose that (4) holds.
Take an open set V in Y.
To prove: f~1(V) is open in X.
Letx € f~(V). Then f(z) € V.
So, we have = € X and a neighborhood V of f(x).
.. By (4), there is a neighborhood U, of x such that f(U,) C V.
Then U, C f~1(V).
Thus, U U,=fYV).

zef~H(V)
Hence, f~!(V) is open in X. O

Homeomorphism

Definition 2.1.9. Let X and Y be topological spaces. Let f : X — Y be a bijection. If

both the function f and the inverse function f~! : Y — X are continuous, then f is called
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a homeomorphism.

Remark 2.1.10. The condition that f~! be continuous says that for each open set U of X,
the inverse image of U under the map f~! : Y — X is open in Y. But the inverse image
of U under the map f~'is (f~')~(U) = f(U). Therefore, to prove f~! is continuous, it
is enough to prove that for every open set U of X, f(U) is openin Y.

Thus, another way to define a homeomorphism is to say that it is a bijective corre-

spondence f : X — Y so that U is open in X if and only if f(U) is openin Y.

Note that the above remark shows that a homeomorphism f : X — Y gives a
bijective correspondence not only between X and Y, but between the collection of

open sets of X and of Y.

Definition 2.1.11. Let X be any topological space. A topological property of X is a
property of the space X which is invariant under homeomorphism.

i.e) A property of X is a toplological property if whenever the space X possesses that
property, then every space homeomorphic to X also possesses that property.

In other words, a toplological property of X is a property of the space X that can be

entirely expressed in terms of the open sets of X.

Definition 2.1.12. Suppose that f : X — Y is an injective continuous map, where X
and Y are topological spaces. Let Z be the image set f(X), considered as a subspace of
Y. Then the function f : X — Z, obtained by restricting the range of f, is bijective. If
f" happens to be a homeomorphism of X with Z, we say that the map f : X — Y isa

topological imbedding or an imbedding of X in Y.

Example 2.1.13. Consider a function f : R — R defined by f(x) = 3z + 1.

Let g : R — R be defined by g(y) = “5*. Then

flg(y) = f(yT_l>
S
= y—1+1

= y,Vy e R
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Similarly,
g(f(@) = g(30+1)
(Bx+1)—1

3z

= z,Vr € R.

- Flg(@)) = g(f(@)) = z,¥z € R

= flexistsand f~' = g.

Hence, f is bijective.

Now, consider f :R — Rand f~' : R — R.

To prove f and f~! are continuous it is enough to show that inverse image of every open
interval is open in the domain.

First, let us take f : R — R by f(z) =3z + 1.

Consider any open interval (a, b) in the range space R of f. Then
f((@0) = {zeR: f(z) € (a,b)}
= {zreR:3zx+1¢€ (a,b)}

= {reR:a<3zx+1<b}

which is open in the domain R.
.. [ is continuous.

Consider any open interval (c, d) in the range space R of f~!. Then

(f)Hed) = {yeR: f(y) € (c,d)}
= {yG]R:yT_lE(a,b)}
= {yeR:3c+1<y<3d+1}

_ <3c+1,3d+1),

which is open in the domain R.
. f~Yis continuous.

Hence, f is a homeomorphism.
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Definition 2.1.14. If there is a homeomorphism between the spaces X and Y, then we

say that X and Y are homeomorphic.

Example 2.1.15. Consider the identity function g : R; — R.
Clearly, g is bijective and continuous. But g=' : R — R, is not continuous.

.. g is not a homeomorphism.

Theorem 2.1.16. (Rules for constructing continuous functions)
Let X, Y and Z be topological spaces.

(a) (Constant function) If f : X — Y maps all of X into a single point y, of Y, then
fis continuous.

(b) (Inclusion) If A is a subspace of X, the inclusion function j : A — X is continuous.

(c) (Composites) If f : X — Y and g : Y — Z are continuous, then the map
go f: X — Zis continuous.

(d) (Restricting the domain) If f : X — Y is continuous, and if A is a subspace of X,
then the restricted function f | A: A — Y is continuous.

(e) (Restricting or expanding the range) Let f : X — Y be continuous. If Z is a
subspace of Y containing the image set f(X), then the function g : X — Z obtained by
restricting the range of f is continuous. If Z is a space having Y as a subspace, then the
function h : X — Z obtained by expanding the range of f is continuous.

(f) (Local formulation of continuity) The map f : X — Y is continuous if X can be

written as the union of open sets U, such that f | U, is continuous for each «.

Proof. (a) Given that f(z) = yo for every z € X.
To prove: f is continuous.

Let V be open in Y. Then

-1 o leyOGVa
/ (V)—{ 0if yo & V.

Thus, in either case, f~!(V) is open in X.
(b) Given that A C X and j : A — X is an inclusion map.
Then j(z) = z,Vz € A.
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Let V be open in X. Then

V) = {zed:j@) eV}
= {reA:zeV}
= ANV

= j1(V) is open in A by the definition of the subspace topology.

(c) Given that f : X — Y and ¢g : Y — Z are continuous functions.

To prove: go f : X — Z is continuous .

Let U be open in Z. Since g : Y — Z is continuous and U is open in Z, we have g~*(U)
isopeninY.

Again, since f : X — Y is continuous, f~!(¢~'(U)) is open in X. But f~!(¢'(U)) =
(g0 )7 (V).

= (go f)"'(U) is open in X.

.. (g o f) is continuous.

(d) Given that f : X — Y is continuous and A C X.

Consider, the inclusion map j : A — X.

Then f o j is a map from Ato Y.

i.e) foj=f|A.

Since f and j are continuous, by (c), f|A is also continuous.

(e) (i) Given that f : X — Y is continuous and f(X) C Z C Y.

To prove: g : X — Z is continuous.

Let B be open in the subspace Z. Then B can be written as B = Z N U for some U

openinY.
g7 '(B) = ¢7'(ZnU)
= fHZNU) [becausef(X) C Z CY)]

= fH(Z2)nfHU)
= XnfU)

= [7HU).

Since f is continuous, f~!(U) is open in X, and hence ¢g~!(B) is open in X.

= ¢ is continuous.
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(ii) Given that f : X — Y is continuous and Y is the subspace of Z.

To prove: h : X — Z is continuous .

Consider the inclusionmap j : Y — Z.

Then (j o f) is a map from X to Z.

i.e) jof=h.

.. h is continuous, because j and f are continuous.

(b Given that X = UU,, where each U, is open in X such that f|U, : U, — Y is
continuous for each a.

To prove: f: X — Y is continuous.

Let V be openin Y.

Then (f|U,) (V) is open in U,, because f|U, is continuous for each «. But

(flU)H(V) = {z€Us: (flUu)(z) €V}
= {zelU,: f(x) eV}
= U,NnfHV).

= U, N f~1(V) is open in U, for each a.

Since U, is open in X, by Lemma U, N f~1(V) is open in X, for each a.
= L&J(Ua N f~4(V)) is open in X.

= (LjUa) N f~1(V) is open in X.

= XN f~Y(V)isopenin X.

= f~1(V) is open in X.

Therefore, f is continuous. O

Theorem 2.1.17. (The pasting lemma).
Let X = AU B, where A and B are closedin X. Let f : A — Y and g: B — Y be
continuous. If f(x) = g(x) for every x € ANB, then f and g combine to give a continuous

function h : X — Y, defined by

f(z)ifzeA
Wz) :{ g(x)ifx € B.

Proof. Giventhat f: A— Y and g : B — Y are continuous functions and X = AU B.

To prove: h: X — Y is continuous.
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Let C be closed in Y. Then

hH(C) = {x€X:h(z)e€C}
= {r e AUB:h(z)eC}
= {reA: f(r)eC}Uu{reB:g(x)eC}
= f(C)ug (0.
Since f : A — Y is continuous and C' is closed in Y, we have f~!(C) is closed in A4,
and hence f~!(C) is closed X. Similarly, g~!(C) is closed B, and hence in X.

Thus, their union A~'(C) is closed X.

= h is continuous. [

Remark 2.1.18. The above theorem also holds if A and B are open sets in X. Thus,

pasting lemma is just a special case of the local formulation of continuity.

Example 2.1.19. Consider the function h : R — R defined by

xifr <0,
h(:r;):{ x/21if x> 0.

Take A = (—00,0] and B = [0,00). Clearly, A and B are closed sets in R such that
AUB =R. Also, f : A — R defined by f(z) = x and
g : B — R defined by g(x) = x/2 are continuous, and f(0) = ¢(0).

Thus, by pasting lemma, h is continuous.

Theorem 2.1.20. (Maps into products).
Let f : A — X x Y be given by the equation

fla) = (fi(a), f2(a)) .
Then f is continuous if and only if the functions
fliA—>X and fQIA—)Y

are continuous. The maps f, and f, are called the coordinate functions of f.

Proof. Consider the projections 71 : X xY — X andm: X xY — Y.
Let U be open in X and V be open in Y. Then ;' (U) = U x Y is open in X x Y

49



and 7,1 (V) = X x V is open in X x Y. Therefore, 7, and 7, are continuous. Also,
mo f=fiand mo f = fo.

Now, suppose that f is continuous. Then both f;, f; are continuous, because they
are the composites of continuous functions.

Conversely, suppose that f; and f, are continuous.
To prove: f is continuous.
We prove this by proving that inverse image of every basis element is open.

Let U x V be any basis element for the topology on X x Y. Then

AU xV) = {a€A:fla)eUxV}
= {a€A:(fila), fo(a)) €U x V}
= {acA: fila)eU}nN{ac A: fo(a) eV}

= [ U)N V)

Since f, and f, are continuous, f; '(U) and f, (V) are open in A. Hence, their inter-

section f~!(U x V) is also open in A. Therefore, f is continuous. O

Example 2.1.21. Consider the function f : [a,b] — R? which is often expressed in the
form f(t) = (z(t),y(t)), where x : [a,b] — Rand y : [a,b] — R. Then f is continuous
if both x and y are continuous. This function f is called a parametrized curve in the

plane.

Example 2.1.22. Consider a vector field in the plane.
i.e) a function V : R? — R? defined by
V(z,y) = P(z,y)i+ Q(z,y)] = (P(x,y),Q(x,y)). Then V is continuous if both P and @

are continuous.

Let Us Sum Up:

In this section, we have discussed the following concepts:
(1) Continuous functions with examples
(2) Equivalent conditions for continuity
(3) Homeomorphism with examples

(4) Rules for constructing continuous functions
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(5) The pasting lemma

(6) Continuity of maps into products

Check your Progress:

1. The identity function f : R, — R is

(A) bijective (B) continuous

(C) not a homeomorphism (D) All of these
2. Which of the following is homeomorphic with (—1,1)?
(A) R (B) (0,00) (©) (0,1) (D) All of these

3. The function f : R — R* defined by f(¢) = (¢,t,t,...) is continuous when R¥ is

given the

(A) box topology (B) product topology (C) order topology (D) None of these

2.2 The Product Topology

Definition 2.2.1. Let J be an index set. Given a set X, we define a J-tuple of elements of
X to be a function x : J — X. If a € J, then we denote the value of x at « by x,, instead
of z(a), and we call it the o' coordinate of z. Also, we denote the function x itself by

the symbol (z4)acs, and the set of all J-tuples of elements of X by X".

Definition 2.2.2. Let {A,} be an indexed family of sets and let X = | A,.
acJ
Then, the cartesian product of this indexed family is denoted by [] A., and is defined
acJ
to be the set of all J-tubles (z,)qcs of elements of X such that x, € A, for each a € J.

Note that if all the sets A, are equal to one set X, then the cartesian product [] A,
aed
is the set X7 of all .J-tuples of elements of X.

Definition 2.2.3. Let { X, }.cs be an indexed family of topological spaces.
[[Us : U, is openin X, for each a} of subsets of [] Xa-

aeJ acJ
Then, € is a basis for the topology on [[ X,, and the topology generated by this basis is

aed

Consider the collection € = {

called the box topology.
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Definition 2.2.4. The function 73 : [[ X, — X3 defined by

acJ
g <(xa)a6J> = s
is called the projection mapping associated with the index (.

Definition 2.2.5. Let S5 = {ng(Ug) : Ug is open inXg}, and let S = |J Sz. Then the
geJ
topology generated by the subbasis S is called the product topology on [[ X,. In this
acJ
topology, ] X, is called a product space.

acd
Theorem 2.2.6. (Comparison of the box and product topologies).

() The box topology on [] X, has as basis all sets of the form [[ U,, where U, is open
in X, for each a. "
(i) The product topology on [] X, has as basis all sets of the form [[U,, where U, is
open in X, for each o and Uaaeeti]uals X,, except for finitely many values of a.
Proof. The statement in (i) is nothing but the definition of box topology.
Let us prove (ii)..
Let % be a basis obtained from the subbasis S for the produt topology. on [] X,.
Then % consists of all finite intersections os elements of S. "
If 75" (Up), m5" (V) € Sp, then w5 (Ug) N 75" (V) = 5" (Us N V) also belongs to Sg.
That is, if we intersect finite number of elements belonging to the same one of the
sets Sg, then their intersection is again an element of Sg, and we cannot get any new
element in this case. Thus, to generate a new element, we must intersect elements

from different sets Sg.

Therefore, to get a typical element B of the basis %, choose /31, 52, - - - , 3, as a finite set
of distinct indices from the index set J and let U, be open in X, fori =1,2,--- ,n.
Then

B=ms'(Us,) Ny} (Ug,) NNy (Ug,) (2.1)

is the typical element of A.

Now,
x = (x,) € Bifand only if  (x,) € 75! (Ug,), (za) € 75, (Ug,), -+, (a) € 75 (Ug,).
i.e) ifand only if 73, ((z.)) € Us,, -~ 7mp,((xa)) € Up,.
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i.e) ifand only if x5, € Ugs,, -+, 23, € Ug,.

This means that there is no restriction on the a'* coordinate of z if o # 3y, - - - , Bn.

i.e) v = (z,) € Bifand only if x4 € Ugs,---,25, € Ug, and z, € X, for o #
b1, , Bn. Therefore, B can be written as B = [] U,, where each U, is open in X,
and U, = X, for a # p1,- -, B,. Hence (i). " O

Remark 2.2.7. For finite products, both box and product topologies are the same.
For, let x = (x1, 29, -+ ,x,) € [ 1=, Xi-

If we consider B as the basis element for the box topology on [[;_, X;, then

r € B = (v1,22, - ,x,) € [[[, U, where U; is open in X, fori =1,2,--- ,n.

= x; € Uy foreachi=1,2,--- n.

If we consider B as the basis element for the product topology on [[;_, X, then
r€B=zeca (U)N---Nn, Y (U,), where each U; is open in X,.

szcm (U),Vi=12---,n

=mx)eU,V i=1,2,--- ,n.

=z, elU,V1=12---,n.
Remark 2.2.8. The box topology is in general finer than the product topology.
The following three theorems can be easily proved with the idea of results on X xY'.

Theorem 2.2.9. Suppose the topology on each space X, is given by a basis A,. Then
(i) The collection of all sets of the form [] ., B, where B, € %, for each a, will serve as
a basis for the box topology on [[ ., Xa.

(ii) The collection of all sets of the same form, where B,, € %, for finitely many indices

aand B, = X, for all the remaining indices, will serve as a basis for the product topology

HaEJ XO“

Example 2.2.10. Consider the euclidean n-space R". A basis for R consists of all open

intervals in R. Then a basis for the topology of R™ consists of all products of the form
(a1,b1) X (ag,b) X -+ X (G, by) .

Since R" is a finite product, the box and product topologies are the same on R™.
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Theorem 2.2.11. Let A, be a subspace of X,, for each « € J. Then [] A, is a subspace
of [] X. if both products are given the box topology, or if both products are given the
product topology.

Theorem 2.2.12. If each space X,, is a Hausdorff space, then 11X, is a Hausdorff space

in both the box and product topologies.

Theorem 2.2.13. Let {X,} be an indexed family of spaces and let A, C X, for each c.
If 1] X, is given either the product or the box topology, then

i -TTo
Proof. Let x = (x,) be a point of [] A,. We show that x € [[A,. Let U = [[U, be a
basis element for either the box or product topology that contains x. Since z, € A,
we can choose a point y, € U, N A, for each . Then y = (y,) belongs to both U and
[] Aa- Since U is arbitrary, it follows that x belongs to the closure of [ A,.
Conversely, suppose x = (z,) lies in the closure of [] A,, in either topology. We
show that for any given index /3, we have x5 € As. Let V; be an arbitrary open set of
X3 containing x5. Since Wﬁ’l (V) is open in [ [ X, in either topology, it contains a point

Yy = (ya) Of [T Aa. Then y;s belongs to Vi N Ag. It follows that x5 € Ap. O

Theorem 2.2.14. Let f : A — [],., X be given by the equation

fla) = (fa(a))geys

where f, : A — X, for each «a. Let [[ X,, have the product topology. Then the function f

is continuous if and only if each function f,, is continuous.

Proof. Let 75 be the projection of the product onto its 3 factor. The function 74
is continuous, for if U is open in X3, the set wgl (Ug) is a subbasis element for the
product topology on [] X,.
Now, suppose that f : A — [[ X, is continuous. The function f; equals the com-
posite g o f. Being the composite of two continuous functions, f5 is continuous.
Conversely, suppose that each coordinate function f, is continuous. To prove that
f is continuous, it suffices to prove that the inverse image under f of each subbasis

element is open in A.
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A typical subbasis element for the product topology on [] X, is a set of the form

75" (Ug), where 3 is some index and Uj is open in X3. Now

fH(m5t (Us) = f51 (Us),

because fz = 75 o f. Since f3 is continuous, this set is open in A, as desired. O

Example 2.2.15. Consider R¥, the countably infinite product of R with itself. Recall that

R = [] Xn

nely

where X,, = R for each n. Let us define a function f : R — R by the equation

ft) = (t,t,t,...),

where the nth coordinate function of f is the function f,(t) = t. Each of the coordinate
functions f, : R — R is continuous; therefore, the function f is continuous if R* is given
the product topology. But f is not continuous if R“ is given the box topology. Consider,

for example, the basis element

pe i (52« (L)

for the box topology. We assert that f~'(B) is not open in R. If f~!(B) were open in
R, it would contain some interval (—9,d) about the point O . This would mean that

f((=9,0)) C B, so that, applying ,, to both sides of the inclusion,

fa((=0,0)) = (=6,0) C (=1/n,1/n)
for all n, a contradiction.

Let Us Sum Up:

In this section, we have discussed the following concepts:
(1) Box topology
(2) Product topology
(3) Comparison of the box and product topologies

(4) Continuity of maps into product spaces
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Check your Progress:

1. If each space X, is a Hausdorff space, then I1.X,, is a Hausdorff space in .........

(A) the box topology (B) the product topology

(C) both the box and product topologies (D) None of these
2. Which of the following is true in general?

(A) Box topology is finer than the product topology
(B) Box topology is coarser than the product topology
(C) Box topology is always not equal to the product topology

(D) None of these

3. The function f : R — R* defined by f(¢) = (¢,t,t,...) is continuous when R¥ is

given the
(A) box topology (B) product topology
(C) order topology (D) None of these

2.3 The Metric Toplogy

Definition 2.3.1. A metric on a set X is a function
d: X xX —=R
having the following properties:
1. d(z,y) >0 forall z,y € X and d(x,y) = 0 if and only if x = y.
2. d(z,y) = d(y,x) forall xz,y € X.
3. (Triangle inequality): d(x,y) + d(y, z) > d(z,z) forall x,y, z € X.

Definition 2.3.2. Given a metric d on X, the number d(z,y) is called the distance be-

tween x and y.
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Definition 2.3.3. Given ¢ > 0, the set of all points y whose distance from x is less than e,
i, Ba(w.e)={yeX|dzy) <c}
is called the =-ball centered at .

Definition 2.3.4. If d is a metric on the set X, then the collection of all e-balls By(x,¢),
for x € X and ¢ > 0, is a basis for a topology on X, called the metric topology induced
by d.

Definition 2.3.5. If X is a topological space, X is said to be metrizable if there exists a

metric d on the set X that induces the topology of X.

Definition 2.3.6. A metric space is a metrizable space X together with a specific metric

d that gives the topology of X.

Definition 2.3.7. A subset A of a metric space (X,d) is said to be bounded if there is
some number M such that

d(al, CZQ) S M

for every pair a1, as of points of A.
Definition 2.3.8. If A is bounded and nonempty, the diameter of A is defined as
diam A = sup{d(ay, a2) | ai,as € A}.

Theorem 2.3.9. Let X be a metric space with metric d. Define d : X x X — R by

d(z,y) = min{d(z,y), 1}.
Then d is a metric that induces the same topology as d.

The metric d is called the standard bounded metric corresponding to d.

Proof. Clearly d(z,y) > 0 and d(x,y) = 0 if and only if z = y is true because d has
these properties.
Similarly, d(x,y) = d(y, r) holds.

As for the triangle inequality, d(x, z) < d(z,y) + d(y, 2), as the left hand side is at
, 2)

most 1, if any one of the terms d(z,y) > 1 or d(y, z) > 1, then the inequality clearly
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hold.

But d(z,y) > 1 if and only if d(x,y) > 1, and d(y, z) > 1 if and only if d(y, z) > 1.

.. It is enough to consider the case where d(x,y) < 1 and d(y, z) < 1.

In this case d(z,y) = d(z,y) and d(y, z) = d(y, 2).

So, we have d(z,2) < d(x,2) < d(x,y) +d(y,2) = d(x,y) + d(y, 2).

To show that the metric d and d induce the same topology, note that for ¢ < 1, the
d and d balls are the same.

Since any metric topology is also generated by the collection of all e-balls for ¢ < 1,

we conclude that d and d induce the same topology. O
Definition 2.3.10. For x = (x1,xs,...,x,) and y = (y1, Y2, - - ., Yn) in R™, we define

1. the norm of = by
o]l = (2F + 23 + .. +27) "2,

2. the euclidean metric by
ax,¥) = llz = yll = [ = 90" + -+ (w0 — )]
3. and the square metric by
pla,y) = max{[zy —wl,. .. |20 —yal}-

Lemma 2.3.11. Let d and d’ be two metrics on a set X. Let T and T’ be the topologies
they induce, respectively. Then T is finer than T if and only if for each x in X and each

e > 0, there exists a 6 > 0 such that By (xz,0) C Bgy(x,¢).

Proof. Suppose T’ is finer than 7.

By Lemma (1.2.9} given a basis element By(z, ) for T, there exists a basis element
B’ for the topology 7" such that x € B C By(z,¢).

But inside B’, we can find a ball B)(z, §) centered at .

Conversely, if the ¢ — ¢ condition is satisfied, given a basis B for 7 containing x, we
can find within B, a ball B,(z, ¢) centered at x.

Then, there exists a ball By/(x,d) = By(z,¢) C B.

Again, by Lemma|[1.2.9, we conclude that 7" is finer than 7. O
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Theorem 2.3.12. The topologies on R™ induced by the Euclidean metric d and the square

metric p are the same as the product topology on R™.

Proof. Let x = (x1,x9,...,x,) and y = (y1,¥2, . - ., y,) be two points in R".
We can easily prove that p(z,y) < d(z,y) < v/np(x,y).

Let z € By(z,€). Then d(z,2) < ¢
= p(r,2) <e
= z2€ B,(r,e) VeeR" >0

Thus By(x,¢) C By(z,e) Vo e R e>0.

Now, lett € B, (x, \%) Then p(z,t) < =

= Vnp(x,t) <e
= d(x,t) <e

=t € By(x,¢)

Thus B, (x %) C By(z,e) Yz e€R%e>0

It follows from the preceding lemma that the topologies induced by the metrics d
and p are the same.

Now, we shall prove that the product topology and the p-metric topology are the
same on R".

First, let B = (a1,b1) X ... X (an, b,) be a basis element for the product topology ,
and let z = (xy, 29, ..., ,) be an element of B.

For each i, there is an ¢; such that (z; — &;, z; + &;) C (a;, b;) ;
Choose ¢ = min{ey,...,e,}.
Then B,(z,¢) C B.
As a result the p-topology is finer than the product topology.
Conversely, let B,(z, ) be a basis element for the p-topology.

Given y € B,(z,¢), we need to find a basis element B for the product topology

such that y € B C B,(z,¢).
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Let y € B,(z,¢). Then p(z,y) < e.
= max{|r, —y| :i=1,2,....,n} <¢
=l —yl<e,Vi=1,2,....n
=y € (v;—e,x;+¢),Vi=1,2,...,n
=y (r1—e,x1+e)X...x(v,—¢e,2,+¢).

That is, B,(x,¢) itself is a basis element for the product topology on R". O

Definition 2.3.13. Given an index set .J, and given points x = (74),c; And y = (Ya)uey

of RY, let us define a metric p on R’ by the equation

p(x,y) = sup {d (2, ya) | @ € T},

where d is the standard bounded metric on R. The metric p is called the uniform metric

on R’ and the topology it induces is called the uniform topology.

Theorem 2.3.14. The uniform topology on R’ is finer than the product topology but

coarser than the box topology; these three topologies are all different if .J is infinite.

Proof. Letx = (x,),., beapointin R’ and [],_; U, be a basis element for the product
topology containing the point z.

Then U, = R for all but finitely many « ’s.

Let ay, as, ..., a, be the indices for which U, # R.

Since U,, is open in R containing z,, and since the metric d induces the standard
topology on R, for each i = 1,2,...,n, there exists ¢; > 0 such that B; (z,,, ;) C U,,.

Lete = min{ey,...,e,}.

Then for any index a € J, Bj (24,¢) C U,.

If y € B;(z,¢), then p(z,y) <e.

This implies for each a € J, d (74, ys) < €.

Therefore, y € [], ., Ua-

Since x € B,(z,¢) C [[,c, Ua, it follows that the uniform topology is finer than the
product topology.

On the other hand, given a p-ball B = B,(z,¢), consider the box neighborhood
U=1Tl.e, (:ca— %,xa—l—%) of z. If y € Uthen |z, —ya| < § = d(Ta,Ya) < 5 for

each o.
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Then, by definition, p(x,y) < ¢, and so y € B.
Thus, U C B.

This proves that box topology is finer than the uniform topology. O]

Theorem 2.3.15. Let d(a,b) = min{|a — b|, 1} be the standard bounded metric on R. If

x and y are two points of R“, define

D(z,y) :SUP{M}-

(4

Then D is a metric that induces the product topology on R¥.

Proof. The first two properties of the metric can be easily verified for D.

Since d is a metric, for each i,

1 1 2
J(xi,zi)

; < D(z,y) + D(y, z).

= sup { d(mz, ZZ)} = D(x,2) < D(x,y) + D(y, z).

Let U be open in the metric topology and let x € U.
Choose an e-ball, Bp(z,e) C U. Let N be such that + < e.

Consider the basis element for the product topology
V= ($1—€,$1+€) X ... X (Z‘N—€,.I'N—|—€) XRXRXx ...

We prove that V' C Bp(x,¢).

GivenannyR“,M < %forz’ > N.

(2

Therefore,

D(z,y) :sup{w}

]

< max{d(xl’yl) d (2, y) d(zn,yn) 1 }

1 ’ 2 B N "N

If y € V, then

< efori < N, and hence y € Bp(z,¢).

Thus, the product topology is finer than the metric topology.

Conversely, consider a basis element U = [ | U; for the product topology where

1€Z4

U; is an open set in R for i = ay, as, ..., a, and U; = R for all other indices .
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Given z € U, for each i = a3, s, ..., a,, choose an interval (z; — ¢;, z; +¢;) C U;
in R centered at z; with ¢; < 1.

Define € = min { EZ—Z

1= al,ag,...,an}.
We claim that = € Bp(z,e) C U.
Lety € Bp(z,¢).
Then for all i, we have @ < D(z,y) < e.
For any i € {oy, s, ..., o}, we have e < £ so that d (z;,y;) <e; < 1.
Then |z; — y| = d (zi, ;) < &;.
This proves that y; € U; for all i. Hence, y € U so that Bp(x,e) C U.

Thus, the metric topology is finer than the product topology. O

Let Us Sum Up:

In this section, we have discussed the following concepts:
(1) Metric topology
(2) Metrizable space
(3) The standard bounded metric
(4) Comparison between the metric topologies and product topology on R”
(5) Relation between the uniform topology, box topology and the product topology
on R’

(6) Metrizability of R“
Check your Progress:
1. Which of the following does not induces the order topology on R?

(A) euclidean metric (B) square metric

(Q) d(z,y) = min{l, |z — y|} (D) None of these
2. The uniform topology on R’ , J-an index set, is

(A) finer than box topology (B) finer than product topology

(C) the same as the product topology (D) the same as the box topology

3. Which of the following is not true?
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(A) Every metric defined on X (# ¢) induces a topology on X.
(B) Every topological space is metrizable.
(C) Discrete topological space is metrizable.

(D) None of these.

2.4 The Metric Topology (continued)

Theorem 2.4.1. Let f : X — Y and let X and Y be metrizable with metrics dx and dy,
respectively. Then continuity of f is equivalent to the requirement that given x € X and

given € > 0, there exists § > 0 such that

dx(z,y) <6 = dy(f(z), f(y)) <e

Proof. Suppose that f is continuous. Given x and ¢, consider the set

FH(B(f(z).€)),
which is open in X and contains the point z. It contains some ¢-ball B(z,§) centered
at z. If y is in this §-ball, then f(y) is in the e-ball centered at f(x).

Conversely, suppose that the ¢ — § condition is satisfied. Let V' be open in Y. We
show that f~!(V) is open in X. Let = be a point of the set f~!(V). Since f(z) € V,
there is an e-ball B(f(x), ¢) centered at f(x) and contained in V. By the ¢ —¢ condition,
there is a ¢-ball B(x,0) centered at x such that f(B(z,d)) C B(f(z),¢e). Then B(z, )
is a neighborhood of x contained in f~'(V), so that f~*(V) is open. Therefore, f is

continuous O

Theorem 2.4.2. (The sequence lemma).
Let X be a topological space and let A C X. If there is a sequence of points of A

converging to x, then z € A. The converse holds if X is metrizable.

Proof. Suppose that =, — x, where x,, € A. Then, every neighborhood U of z contains

a point of A4, so x € A by Theorem[1.6.12

Conversely, suppose that X is metrizable and z € A. Let d be a metric for the

topology of X. For each positive integer n, take the neighborhood B,(x, 1/n) of radius
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1/n of x, and choose z,, to be a point of its intersection with A. We assert that the
sequence x,, converges to x. Any open set U containing x contains an e-ball By(z, ¢)
centered at x. If we choose N so that 1/N < ¢, then U contains z; for all i > N.

Hence, x,, converges to . O

Theorem 2.4.3. Let f : X — Y. If the function f is continuous, then for every convergent
sequence x,, — x in X, the sequence f (x,) converges to f(z). The converse holds if X is

metrizable.

Proof. Assume that f is continuous. Given z,, — z, we wish to show that f (z,,) —
f(x). Let V be a neighborhood of f(x). Then f~!(V) is a neighborhood of z, and so
there is an N such that x,, € f~'(V) for n > N. Then f (x,) € V forn > N.

To prove the converse, assume that the convergent sequence condition is satisfied.
Let A be a subset of X'; we show that f(A) C f(A). Ifz € A, then there is a sequence z,,
of points of A converging to x (.. by converse part of sequence lemma). By assumption,
the sequence f (x,) converges to f(z). Since f(z,) € f(A), the sequence lemma

implies that f(z) € f(A). Therefore, f(A) C f(A). Hence, f is continuous. O
By € — ) argument, one can easily prove the following lemma.

Lemma 2.4.4. The addition, subtraction, and multiplication operations are continuous
functions from R x R into R; and the quotient operation is a continuous function from

R x (R — {0}) into R.

Theorem 2.4.5. If X is a topological space, and if f, g : X — R are continuous functions,

then f + g, f — g, and f - g are continuous. If g(x) # 0 for all x, then f/g is continuous.

Proof. The map h : X — R x R defined by

hx) = f(x) x g(x),

which is continuous, by Theorem [2.1.20, The function f + g equals the composite of
h and the addition operation

+:RxR—=R

Therefore f + g is continuous. Similar arguments apply to f — g, f - g, and f/g. O
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Definition 2.4.6. Let f,, : X — Y be a sequence of functions from the set X to the metric
space Y. Let d be the metric for Y. We say that the sequence ( f,,) converges uniformly to

the function f : X — Y if given € > 0, there exists an integer N such that

d(fu(x), f(2)) <€
foralln > N and all z in X.

Theorem 2.4.7. (Uniform limit theorem).
Let f, : X — Y be a sequence of continuous functions from the topological space X to

the metric space Y. If (f,,) converges uniformly to f, then f is continuous.

Proof. Let V be open in Y and let z, be a point of f~!(V'). We wish to find a neighbor-
hood U of x, such that f(U) C V.
Let yo = f (xo). First choose ¢ so that the e-ball B (v, €) is contained in V. Then,

using uniform convergence, choose N so that for alln > N and all z € X,

d(fu(2), f(x)) < €/3.

Finally, using continuity of fy, choose a neighborhood U of z, such that fy carries U
into the ¢/3 ball in Y centered at fy (zo).
We claim that f carries U into B (yo,€) and hence into V. For this purpose, note

that if x € U, then

d(f(x), fn(z)) < €¢/3 (by choice of N)
d(fn(x), fv (x0)) < €/3 (by choice of U)

d(fn (zo), f (z0)) < €/3 (by choice of N)
Adding and using the triangle inequality, we see that d (f(x), f (x¢)) < €. Thus, f is

continuous. L
Example 2.4.8. R“ in the box topology is not metrizable.

Proof. We shall show that the sequence lemma does not hold for R¥. Let A be the

subset of R“ consisting of those points all of whose coordinates are positive. That is,

A:{<l‘1,x2,...)’xi>0f0ralli€Z+}.
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Let 0 be the "origin" in R, that is, the point (0,0,...) each of whose coordinates is

zero. In the box topology, 0 belongs to A, for if
B = (al,bl) X ((ZQ,bg) X oeee

is any basis element containing 0 , then B intersects A. For instance, the point
1.1
by, =by. ..
(2 1 9 2 )

But we assert that there is no sequence of points of A converging to 0.

belongs to B N A.

For, let (a,) be a sequence of points of A, where

A = (T1n, Tony -« s Tiny -+ -) -

Every coordinate z;, is positive, so we can construct a basis element B’ for the box

topology on R by setting
B' = (—x11,211) X (=222, T22) X -+ .

Then B’ contains the origin 0 , but it contains no member of the sequence (a,). The
point a,, cannot belong to B’ because its nth coordinate x,, does not belong to the

interval (—x,,, r,,). Hence, the sequence (a,,) cannot converge to 0 in the box topol-

ogy. 0
Example 2.4.9. An uncountable product of R with itself is not metrizable.

Proof. Let J be an uncountable index set. We show that R’ does not satisfy the se-
quence lemma (in the product topology).

Let A be the subset of R’ consisting of all points (x,) such that z, = 1 for all
but finitely many values of a. Let 0 be the origin in R”, the point each of whose
coordinates is O .

We assert that 0 belongs to the closure of A. Let [ [ U, be a basis element containing
0 . Then U, # R for only finitely many values of «, say for « = «ay,...,«,. Let (z,)
be the point of A defined by letting x, = 0 for « = a4, ..., «, and z, = 1 for all other
values of . Then (z,) € AN]J]U,, as desired.
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But there is no sequence of points of A converging to O.
For, let a,, be a sequence of points of A. Given n, let J,, denote the subset of J consisting
of those indices « for which the « th coordinate of a,, is different from 1. The union of
all the sets J, is a countable union of finite sets, and therefore countable. Because .J
itself is uncountable, there is an index in J, say (3, that does not lie in any of the sets
J,,. This means that for each of the points a,, its 5 th coordinate equals 1.

Now, let Uj be the open interval (—1, 1) in R, and let U be the open set wﬂ’l (Ug) in
R’. The set U is a neighborhood of 0 that contains none of the points a,,. Therefore,

the sequence a,, cannot converge to 0 . O

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. The sequence lemma
2. Uniform limit theorem
3. Metrizability of R in the box topology

4. Metrizability of R’ in the product topology when J is an uncountable index set
Check your Progress:
1. Countable product of R with itself is metrizable in the

(A) box topology (B) product topology

(C) uniform topology (D) standard topology
2. If f,g : R — R are continuous, then which of the following is not true?

(A) f + g is continuous (B) f — ¢ is continuous

(C) f - giscontinuous (D) f/g is continuous
3. If X is a topological space and A C X, then the sequence lemma states that

(A) if there is a sequence of points of A converging to x, then z € A

(B) for every convergent sequence z,, — x in A, the sequence f(x,) converges

to f(x)
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(C) (A) is true, and the converse holds if X is metrizable

(D) (B) is true, and the converse holds if X is metrizable

Unit Summary:

In this unit, continuous functions and its properties were discussed. Various rules
for constructing continuous functions, the box and product topologies on a product of

topological spaces and metric topology were also discussed.

Glossary:
e f|A - The domain of f is restricted to A
e Rv - Countably infinite product of R with itself
e R/ - Arbitrary product of R with itself
o Ty - The projection map associated with the index
e diamA - diameter of A
e By(x,e) - e-ball centered at
e p(z,y) - The uniform metric on R’

Self-Assessment Questions:

(1) Prove that any discrete topological space is metrizable.
(2) Show that the subspace (a,b) of R is homeomorphic with (0, 1).
(3) Show that the subspace [a, b] of R is homeomorphic with [0, 1].

(4) Show that R x R in the dictionary order topology is metrizable.

Exercises:

(1) Prove that for functions f : R — R, the ¢ — § definition of continuity implies the
open set definition.
(2) In R, define

d'(z,y) = o1 — 1|+ -+ |20 — ynl-
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Show that d’ is a metric that induces the usual topology on R".

(3) Given p > 1, define
n 1/p
d'(z,y) = [Z |z — yi|p] )
i=1
for z,y € R™. Assume that d’ is a metric. Show that it induces the usual topology on
R™.
(4) If d is a metric on the set X, then prove that the collection of all e-balls By(z, €) for

x € X and € > 0 is a basis for the metric topology on X.

Answers for check your progress:

Section 2.1 1. (D) 2. (D) 3. (B)
Section 2.2 1. (O 2. (A) 3. (B)
Section 2.3 1. (D) 2. (B) 3. (B)
Section 2.4 1. (B) 2. (D) 3. (O
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Unit 3

Connectedness

Objectives:

This unit deals with connected spaces, connected subspaces of the real line, the

concepts of components and local connectedness.

3.1 Connected Spaces

Definition 3.1.1. Let X be a topological space. A separation of X is a pair U,V of
disjoint nonempty open subsets of X whose union is X.

The space X is said to be connected if there does not exist a separation of X.

Remark 3.1.2. Connectedness is a topological property, because it is formulated entirely
in terms of the collection of open sets of X.

i.e.,, If X is connected, then any space homeomorphic to X is also connected.

Remark 3.1.3. A space X is connected if and only if the only subsets of X that are
both open and closed in X are the empty set and X itself.

We prove this result by proving that X is not connected if and only if there exists a
nonempty proper subset of X, that is both open and closed in X.

Suppose that A is a nonempty proper subset of X, that is both open and closed in X.

Take U = Aand V = X — A.

Since U is a proper subset of X, V is nonempty.

Thus, U and V' are open, disjoint, and nonempty subsets of X such that their union is

—> U and V constitute a separation of X
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i.e., X is not connected.
Conversely, suppose that U and V' form a separation of X.
Then U and V are nonempty open subsets of X such that UUV = X and UNV = ().
Since V is nonempty, UUV = X and U NV = (), we have U # X.
Therefore, U is a proper subset of X.
Also, V is open implies U = X — V is closed.
.. We have a nonempty proper subset U of X which is both open and closed in X.

Lemma 3.1.4. If Y is a subspace of X, a separation of Y is a pair of disjoint
nonempty sets A and B whose union is Y, neither of which contains a limit point

of the other. The space Y is connected if there exists no separation of Y.

Proof. Suppose that A and B form a separation of Y.
Then A is both open and closed in Y.
The closure of A in Y is the set ANY (where A as usual denotes the closure of A
in X).
Since A is closed in Y, A = ANY; or to say the same thing, AN B = 0.
Since A is the union of A and its limit points, B contains no limit points of A.
A similar argument shows that A contains no limit points of B.
Conversely, suppose that A and B are disjoint nonempty sets whose union is Y,
neither of which contains a limit point of the other.
Then ANB=0,ANB = 0.
— AN(BUB)=0.
— ANB=0.
Similarly, AN B = 0.

Now,

ANY = ANn(AuUB)
= (ANA)U(ANB)
= AU

Similarly, BNY = B.
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Thus, both A and B are closed in Y, and since A =Y — Band B =Y — A, they

are open in Y as well. O
Example 3.1.5. Every singleton set is connected because there is no separation for it.

Example 3.1.6. A two-point space in the indiscrete topology is connected because

the only open sets in this topology are () and X.

Example 3.1.7. A two-point space {a,b} in the discrete topology is not connected

because the open sets {a} and {b} form a separation of X.
Example 3.1.8. R is connected.

Example 3.1.9. The subspace Y = [—1,0) U (0, 1] of the real line R is not connected.
For,
Each of the sets [—1,0) and (0, 1] is nonempty and open in Y (although not in R).
Therefore, they form a separation of Y.

Alternatively, we note that neither of these sets contains a limit point of the other.

Example 3.1.10. The subspace X = [—1, 1] of the real line R is connected.
For,

The sets [-1,0] and (0,1] are disjoint and nonempty, but they do not form a separation
of X, because the first set is not open in X.

Alternatively, we note that the first set contains a limit point, 0, of the second.

Indeed, there exists no separation of the space [—1, 1].

Example 3.1.11. The rationals QQ are not connected.
Indeed, the only connected subspaces of Q are the one-point sets.
For,
If Y is a subspaces of Q containing two points p and g, one can choose an irrational
number a lying between p and q.

Then, we can write Y as the union of open sets Y N (—o0,a) and Y N (a, +00).

Example 3.1.12. The subset X = {z x y|ly =0} U{z x y|z > 0 and y = 1/x} of the

plane R? is not connected.
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Lemma 3.1.13. If the sets C and D form a separation of X, and if Y is a connected

subspace of X, then Y lies entirely within either C or D.

Proof. Given that C' and D form a separation of X.
Then C and D are both open in X and hence CNY and DNY are open in Y. Also,

CnY)n(Dny) = (CND)NY
= 0nY
= 0

and

(CNY)u((DNY) = (CUD)NY
= XNnY

= Y

Thus, these two sets are disjoint and their union is Y.
If they were both nonempty, they would constitute a separation of Y. But, given
that Y is connected. Therefore, one of them is empty.

Hence, Y must lie entirely in C or in D. ]

Theorem 3.1.14. The union of a collection of connected subspaces of X that have

a point in common is connected.

Proof. Let {A,} be a collection of connected subspaces which have a point p in com-
mon. Thatis, p € [, Aa.
To prove: The space Y = [ J A, is connected.

Suppose that Y = C'U D is a separation of Y. Then, each A,, being connected, by
Lemma[3.1.13] lies entirely either in C or in D. So, the common point p either belongs
toCor D.

Suppose p € C. Then all the A,’s must lie entirely in C, because A, contains the
point p of C.

ie, A, C C, Va.

— JA, CC.
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— Y CC,
which contradicts the fact that D # (). Thus, Y has no separation, and hence it is

connected. O

Theorem 3.1.15. Let A be a connected subspace of X. If A C B C A, then B is also
connected.
(Said differently: If B is formed by adjoining to the connected subspace A some or

all of its limit points, then B is connected.)

Proof. Let A be connected and B be such that A ¢ B C A.
To prove: B is connected.

Suppose that B = C'U D is a separation of B.

Since A is a connected subspace of B, by Lemma[3.1.13] the set A must lie entirely
inC orin D.

Suppose that A C C. Then A c C.

Also,BCc Aand AcC = BcC.

Since C' and D are disjoint, B cannot intersect D.

This implies B = C.

This contradicts the fact that D is a nonempty subset of B.

Therefore, B is connected. H

Note: If A is connected, then A is also connected.

Theorem 3.1.16. The image of a connected space under a continuous map is con-

nected.

Proof. Let X be connected and let f : X — Y be a continuous map.
To prove: The image space Z = f(X) is connected.
Since the map obtained from f by restricting its range to the space Z is also con-
tinuous, it suffices to consider the case of a continuous surjective map g : X — Z.
Suppose that 7 = AU B is a separation of Z.
Then A and B are open in Z.
Since g is continuous, g~ '(A) and ¢g~'(B) are open in X.

Also,
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9 ' (A)ng ' (B) = g '(AnB)
()

I
=«

and, since g is onto, we have

g (A)Ug(B) = g (AUB)

= g '(2)

= X.

Further, g7!(A) and ¢~!(B) are non-empty, because g is onto.
Therefore, they form a separation of X, contradicting the assumption that X is
connected.

Thus, Z is connected. H
Theorem 3.1.17. A finite cartesian product of connected spaces is connected.

Proof. We prove this by using induction process.
First, let X and Y be connected spaces.
To prove: X x Y is connected.
Choose a base point a x b in the product space X x Y.
Then the horizontal slice X x b is connected, because X is connected and X x b is
homeomorphic with X.
Similarly, each vertical slice X x Y is connected being homeomorphic with Y.
Put7, = (X xb)U(zxY), V zelX.
Clearly, x x be X xbandx xbexz x Y.
Then each T, is connected, bacause each T, is the union of two connected spaces, that
have the point x x b in common.
Now, let T = |, x T
Then, T is connected, because it is the union of a collection of connected spaces that
have the point @ x b in common.
But7 = X xY.
Therefore, X x Y is connected.

Next, suppose that if X7, X5, ..., X,,_; are connected spaces, then X; x Xy x...x X,,_;
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is connected.
Now, let X1, X, ..., X,, be the connected spaces.
Then, by our induction hypothesis, X; x X, x ... x X,,_; is connected.
— (X7 x X3 x ... x X,,_1) x X,, is connected.
Also, since X; x X5 x ... x X, is homeomorphic with (X; x X5 x ... x X,,_1) X X,,, we
have that X; x X, x ... x X, is connected.

Hence, by induction, the theorem is proved. O
Example 3.1.18. The cartesian product R“ is not connected in the box topology.

Proof. We know that R¥ = {(z1,z2,...)|z; € R,i = 1,2,...}. We can write R* as the
union of the set A consisting of all bounded sequences of real numbers, and the set B
of all unbounded sequences. These sets are disjoint and nonempty.

Let a = (a1, as,...) € R¥.

Consider the open set
U:(al—l,a1+1) X (CL2—1,6L2—|—1) Xoeee,

If a is bounded, then U consists of only bounded sequences so that a € U C A, and
if a is unbounded, then U consists of only unbounded sequences so thata € U C B.
Therefore, A and B are open in the box topology, and so A and B form a separation

of R¥. Thus, even though R is connected, R“ is not connected in the box topology. [
Example 3.1.19. R¥ in the product topology is connected.

Proof. Assuming that R is connected, we show that R“ is connected.

Let R" denote the subspace of R* consisting of all sequences x = (zy, x5, ...) such
that z; = 0 for i > n.
Thatis, R"={x=(z1,25,...)ERY:2;=0 for i>n}.

The space R" is clearly homeomorphic to R", so that it is connected, by the preced-
ing theorem. It follows that the space
R> = {(x1,x9,...) € RY:x; #0 only for finite number of i’s}
that is the union of the spaces R" is connected, for these spaces have the point

0= (0,0,...) in common.
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To prove: The closure of R* equals all of R“.
We know that R® C R¥.
Let a = (a1, as,...) be a point of R“.
To prove: a € R>.
Let U = [] U; be a basis element for the product topology that contains a.
We show that U intersects R*°.
Here, U; = R for infinitely many values of i.
Therefore, there is an integer N such that U; = R for i > N.

Since a; € U, for all i, and 0 € U, for i > N, the point
x = (ay,...,a,,0,0,...)

of R* belongs to U.
= R®NU # 0.
Therefore, a € R> so that R¥ C R>.

Thus, R>* = R¥, and hence R¥ is connected in the product topology. O

Remark 3.1.20. The arbitrary product of connected spaces is connected in the

product topology.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Connected spaces with examples
2. Different ways of constructing new connected spaces from the given ones
3. Connectedness of product of connected spaces

Check your Progress:

1. If a set B is formed by adjoining to the connected set A of a topological space X,

same or all its limits points, then B is

(A) not closed (B) connected

(C) disconnected (D) None of these
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2. Which of the following is true?

(A) Any singleton set is not connected
(B) {a,b,c} with discrete topology is not connected
(C) {a,b} with indiscrete topology is not connected

(D) The set of rationals is connected
3. If A and B are connected subspaces of X, then which of the following is not true?

(A) AU B is connected (B) A x B is connected

(C) A x B is connected (D) None of these

3.2 Connected Subspaces of the Real line

Definition 3.2.1. An ordered set A is said to have the least upper bound property if

every nonempty subset A, of A that is bounded above has a least upper bound.

Definition 3.2.2. A simply ordered set L having more than one element is called a linear

continuum if the following hold:

1. L has the least upper bound property.

2. If x < y, there exists z such that x < z < y.
Example 3.2.3. R is a linear continuum.

Definition 3.2.4. A subspace Y of L is said to be convex if for every pair of points a, b of

Y with a < b, the entire interval [a, b] of points of L liesin Y.

Theorem 3.2.5. If L is a linear continuum in the order topology, then L is

connected, and so are intervals and rays in L.

Proof. We know that the linear continuum L, intervals and rays are all convex.
So, we prove this thoerem by proving that every convex subspace of L is connected.
Let Y be a convex subspace of L.

To prove: Y is connected.
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Suppose that Y is the union of the disjoint nonempty sets A and B, each of which
isopeninY.

Choose a € A and b € B; suppose for convenience that a < b.

The interval [a, b] of points of L is contained in Y.

Let A= AnNJa,b] and By = BnNla,b]. Then Ay and B, are open in |a, b] in the
subspace topology, which is the same as the order topology.

The sets A, and B, are nonempty because a € Ay and b € By, and also AyN By = (.
Also,

AoUBy = (ANJa,b))U(BnNla,b])
= (AUB)N]a,b]
= Y Nla,b

= [a,b].

Thus, Ay and B, constitute a separation of [a, b].

Let ¢ = sup Ag. We show that ¢ belongs neither to A, nor to By, which contradicts
the fact that [a, b] is the union of A, and B,.
Case 1: Suppose that ¢ € B.
Then ¢ # a, so eitherc =bora < ¢ < b.

In either case, it follows from the fact that B, is open in [a, b] that there is some
interval of the form (d, | contained in B,.

If ¢ = b, we have a contradiction at once, for d is a smaller upper bound on A, than

If ¢ < b, we note that (c, b does not intersect A, (because c is an upper bound on
Ao ). Then
(d,b] = (d, c] U (c,b]

does not intersect Ag.
Again, d is a smaller upper bound on A, than ¢, contrary to construction.
Case 2: Suppose that ¢ € A,.
Then ¢ # b, so eitherc =a ora < ¢ < b.
Because Ay is open in [a, b, there must be some interval of the form [c, ) contained

in A().
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Because of order property (2) of the linear continuum L, we can choose a point z
of L such thatc < z <ee.
Then z € Ay, contrary to the fact that ¢ is an upper bound for A,.

Thus, Y is connected. O
Corollary 3.2.6. The real line R is connected and so are intervals and rays in R.

Proof. Since R is a linear continuum in the order topology, by previous theorem, it is

connected and so are intervals and rays in R. O

Theorem 3.2.7. (Intermediate value theorem). Let f : X — Y be a continuous
map, where X is a connected space and Y is an ordered set in the order topology.
If a and b are two points of X and if r is a point of Y lying between f(a) and f(b),
then there exists a point c of X such that f(c) =r.

Proof. Since f : X — Y is continuous and X is connected, we have that f(X) is

connected. The sets
A= f(X)N(-oc0,r) and B = f(X)N(r,+o0)

are disjoint, and they are nonempty because one contains f(a) and the other contains

f(b).

Both A and B are open in f(X), being the intersection of an open ray in Y with
f(X).
Suppose that there is no point ¢ of X such that f(c¢) = r. Then we have
AUB = [f(X)N (=00, r)]U[f(X)N(r,0)]

= f(X)N[(=o0,r) U (r,00)]

= fX)NY —{r})

= f(X)NY = f(X).
Thus, A and B would constitute a separation of f(X), contradicting the fact that

the image of a connected space under a continuous map is connected. O

Definition 3.2.8. Given points x and y of the space X, a path in X is a continuous map

f i [a,b] — X of some closed interval in the real line into X such that f(a) = = and
f) =y.
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Definition 3.2.9. A space X is said to be path connected if every pair of points of X can
be joined by a path in X.

Result: Every path connected space is connected.

Proof. Let X be path connected and suppose that X = AU B is a separation of X.

Let f : [a,b] — X be any path in X. Since f is continuous and [a, b] is connected,
we have, f([a,b]) is a connected subset of X.

Then, by Lemma [3.1.13} it lies entirely within A or B.

Therefore, there is no path in X joining a point of A to the point of B, which is a
contradiction to our hypothesis that X is path connected.

Hence, the proof. O

Remark: The converse of the above does not hold.
i.e., a connected space need not be path connected.
For example,

Consider the ordered square I? in the dictionary order topology. Since 12 is a linear
continuum, it is connected.

Let p=0x 0 and ¢ = 1 x 1. Suppose that there is a path f : [a,b] — I? joining p
and q.

.. By intermediate value theorem, the image set f([a,b]) must contain every point
x X y of I2.

Thus, for each x € I(= [0,1]), the set U, = f~!(z x (0,1)) is a nonempty subset of
a, b].

Also, since f is continuous and = x (0, 1) is open in 2, we have each U, is open in
la, b].

Now, for each x € I, choose a rational number ¢, in U,.

Since the sets U, are disjoint, the map = — ¢, is a one-one mapping of / into Q,
which is a contradiction to the fact that / is uncountable.

Thus, 12 is not path connected.

Example 3.2.10. The unit ball B” = {x € R" : ||z|| < 1}, where
x| = ||(z1, 29,y ..., 2)|| = (22 + 22 4 ... + 22)'/?, is path connected.

For; let x,y € B™. Consider the function f : [0,1] — R" defined by f(t) = (1 —t)z+ty.
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Clearly, f is continuous and f(0) = z, f(1) = y.

Therefore, f is a straight line path in R™. Also,

F@OI = [[(1 =tz +tyl]
< (I =)l + eyl
= (1 =)f][ + Iyl

< 1—t+t=1.

— f(t)e B", Vt €][0,1].
Therefore, the path f between x and y lies in B™.

=—> B" is path connected.

Example 3.2.11. Every open ball B,(x, ¢) and every closed ball B,(x,¢) in R" is path

connected.

Example 3.2.12. The punctured Euclidean space R"—{0} is path connected if n > 1.

For, let x,y € R™ — {0}. Then we can join x and y by the straight line path between
them if that path does not go through the origin.

Otherwise, we can choose a point z not on the straight line joining = and y, and take
the broken line path from x to z and then from z to .

. R™ — {0} is path connected if n > 1.

Note: R — {0} is not path connected.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. The least upper bound property
2. Linear continuum and its connectedness
3. Intermediate value theorem

4. Relation between path connectedness and connectedness

Check your Progress:
1. Which of the following is connected?
A) R (B) R¥ with box topology
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(C) R with product topology (D) None of these
2. Which of the following is not a linear continuum?

A) R (B) R — {0}

(C) ordered square I?2 (D)the set of non-negative reals
3. Which of the following is true?

(A) Every connected space is path connected
(B) R — {0} is path connected
(C) The ordered square I? is not path connected

(D) None of these

3.3 Components and Local Connectedness

Definition 3.3.1. Given X, define an equivalence relation on X by setting x ~ y if there
is a connected subspace of X containing both x and y. The equivalence classes are called

the components (or the "connected components") of X.

Note : ~ is an equivalence relation on X.
For,
Let z € X. Then = ~ x because {x} is a connected subspace of X containing .
Let z,y € X such that z ~ y.
Then x ~y = y ~ x is obvious by definition.
Let z,y,z € X suchthatx ~ yand y ~ z.

Now, = ~ y implies that there exists a connected subspace A of X containing x and
Next, y ~ z implies that there exists a connected subspace B of X containing y and
Therefore, AUB is a connected subspace of X containing = and = because y € ANB.

— I~ Z.

Therefore, ~ is an equivalence relation on X.
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Theorem 3.3.2. The components of X are connected disjoint subspaces of X whose
union is X, such that each nonempty connected subspace of X intersects only one

of them.

Proof. Being equivalence classes, the components of X are disjoint and their union is
X.
Claim: Each connected subspace A of X intersects only one of them.

Suppose that A intersects the components C'; and C; of X.

Letz; € ANC) and 25 € AN C,.

— A is a connected subspace of X containing x; and .

—> 1, ~ X9, by definition.

This happens only if C; = Cs.

i.e., A intersects exactly one component.

Hence our claim.

Next, we prove that component C' is connected.

Choose a point z, of C. Then [z(] = C.
For each point = of C, we know that xy ~ z, so there is a connected subspace A,
containing x, and .

By the result just proved, A, C C. Therefore,

C:UAI.

zeC

Since the subspaces A, are connected and have the point z, in common, their
union is connected.

. C'is connected. O]

Definition 3.3.3. Define an equivalence relation on the space X by defining x ~ y if
there is a path in X from x to y. The equivalence classes are called the path components

of X.

Note: Let us show this is an equivalence relation.

First we note that if there exists a path f : [a,b] — X from z to y whose domain
is the interval [a, b], then there is also a path g from x to y having the closed interval
[c, d] as its domain. (This follows from the fact that any two closed intervals in R are

homeomorphic.)
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Now the fact that x ~ x for each = in X follows from the existence of the constant
path f : [a,b] — X defined by the equation f(¢) = «x for all ¢.

Symmetry follows from the fact that if f : [0, 1] — X is a path from x to y, then the
"reverse path" g : [0,1] — X defined by g(¢) = f(1 — t) is a path from y to z.

Finally transitivity is proved as follows: Let f : [0,1] — X be a path from z to vy,
and let g : [1,2] — X be a path from y to z. We can "paste f and g together" to get a

path i : [0,2] — X from x to z; the path h will be continuous by the "pasting lemma."

Theorem 3.3.4. The path components of X are path-connected disjoint subspaces
of X whose union is X, such that each nonempty path-connected subspace of X

intersects only one of them.
Proof. The proof is similar to that of the preceding theorem. O
Note:

1. Each component of a space X is closed in X, since the closure of a connected

subspace of X is connected.

2. If X has only finitely many components, then each component is also open in X,

since its complement is a finite union of closed sets.
3. In general, the components of X need not be open in X.

Example 3.3.5. If Q is the subspace of R consisting of the rational numbers, then each

component of Q consists of a single point. None of the components of Q are open in Q.

Definition 3.3.6. A space X is said to be locally connected at x if for every neighbor-
hood U of x, there is a connected neighborhood V' of x contained in U.

If X is locally connected at each of its points, it is said simply to be locally connected.
Similarly, a space X is said to be locally path connected at x if for every neighborhood
U of xz, there is a path-connected neighborhood V' of x contained in U.

If X is locally path connected at each of its points, then it is said to be locally path

connected.

Example 3.3.7. Each interval and each ray in the real line is both connected and locally

connected.
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Example 3.3.8. The subspace [—1,0) U (0, 1] of R is not connected, but it is locally con-

nected.
Example 3.3.9. The topologist’s sine curve is connected but not locally connected.
Example 3.3.10. The rationals Q are neither connected nor locally connected.

Theorem 3.3.11. A space X is locally connected if and only if for every open set U

of X, each component of U is open in X.

Proof. Suppose that X is locally connected.

Let U be an open set in X and C be a component of U.
To prove: C'is open in X.

If z is a point of C, then = € U.

Since U is open in X such that € U, and since X is locally connected, we can
choose a connected neighborhood V' of = such that V' C U.

Since V' is connected, by Lemma [3.1.13] it must lie entirely in the component C' of
U.

e,z eV cC.

Therefore, C' is open in X.

Conversely, suppose that each component of every open set in X are open in X.
To prove: X is locally connected.

Consider a point x of X and a neighborhood U of z.

Let C be the component of U containing .

Then by the hypothesis, C' is open in X.

Also, C'is connected by definition.

That is, we have a connected neighborhood C of x such that C' C U.

.. X is locally connected at x and hence X is locally connected. O
A similar proof holds for the following theorem:

Theorem 3.3.12. A space X is locally path connected if and only if for every open
set U of X, each path component of U is open in X.

The relation between path components and components is given in the following

theorem:
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Theorem 3.3.13. If X is a topological space, each path component of X lies in a
component of X. If X is locally path connected, then the components and the path

components of X are the same.

Proof. Let X be any arbitrary topological space.

Let C be a component of X and z be a point of C.

Let P be the path component of X containing x.

Then P is path connected.

—> P is connected.

— P cCC.

That is, each path component lies in a component of X.
Claim: X is locally path connected — P = C.

Suppose that P C C.

Let ) denote the union of all the path components of X that are different from P
and intersect C'.

Each of them necessarily lies in C, so that C' = P U Q.

Since X is locally path connected, by Theorem [3.3.12] each path component of X
is open in X.

Therefore, P (which is a path component) and ¢ (which is a union of path compo-
nents) are open in X.

—> They constitute a separation of C.

This contradicts the fact that C' is connected.

Hence, P = C. ]

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Components
2. Path components
3. Locally connected space

4. Locally path connected space
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Check your Progress:
1. Which of the following is not true in a topological space X?
(A) Every component of X is connected
(B) Every path component of X is connected

(C) Every path component of X is path connected

(D) Every component of X is open in X
2. Which of the following is locally connected?
(A) (0,1)CcR (B) (1,00) CR
O [-1,00U(0,1] Cc R (D) All of these
3. Which of the following is true in a topological space X?

(A) Every component of X is closed
(B) Every component of X is open
(C) Every component of X is both open and closed

(D) None of these

Unit Summary:

This unit dealt with connected spaces and their properties, ways of constructing
connected spaces, connected subspaces of the real line, path connectedness and the

concepts of components and local connectedness.

Glossary:

o I? - Ordered square

o

e By(r,e) - Closed ball

e R"—-{0} - The punctured Euclidean space

89



Self-Assessment Questions:

1. Prove that R is connected.
2. Is the space R; connected? Justify your answer.
3. Show that R" and R are not homeomorphic if n > 1.

4. Let Y C X;let X and Y be connected. Show that if A and B form a separation

of X —Y,thenY U A and Y U B are connected.
5. Prove that R is a linear continuum.

Exercises:

1. Let X be an ordered set in the order topology. Show that if X is connected, then

X is a linear continuum.

2. Prove that every open ball By(z,¢) and every closed ball By(z,¢) in R” is path

connected.

3. Let X be locally path connected. Show that every connected open set in X is

path connected.
4. Prove that the rationals Q are neither connected nor locally connected.
5. What are the components and path components of R“ (in the product topology)?

Answers for check your progress:

Section 3.1 1. (B) 2. (B) 3. (A)
Section 3.2 1. (O 2. (B) 3. (C)
Section 3.3 1. (D) 2. (D) 3. (A)
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1. James R. Munkres, Topology (2nd Edition), Prentice Hall of India, New Delhi, 2011.
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Unit 4

Compactness

Objectives:

This unit deals with compact spaces, compact subspaces of the real line, limit point

compactness and local compactness.

4.1 Compact Spaces

Definition 4.1.1. A collection A of subsets of a space X is said to cover X, or to be
a covering of X, if the union of the elements of A is equal to X. It is called an open

covering of X if its elements are open subsets of X.

Definition 4.1.2. A space X is said to be compact if every open covering A of X contains

a finite subcollection that also covers X.

Example 4.1.3. The real line R is not compact because the covering of R by open
intervals

A={(n,n+2) | neZ}

contains no finite subcollection that covers R.

Example 4.1.4. The subspace X = {0} U{1/n | n € Z,} is compact.

For;, given an open covering A of X, there is an element U of A containing 0. The set
U contains all but finitely many of the points 1/n. For each point of X not in U, choose
an element of A containing it. The collection consisting of these elements of A, along with

the element U, is a finite subcollection of A that covers X.
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Example 4.1.5. Any finite point space is compact because in this case every open

covering of X is finite.

Example 4.1.6. The interval (0, 1] is not compact because the open covering
A={(1/n1] | neZ.}

contains no finite subcollection covering (0, 1].

Definition 4.1.7. If Y is a subspace of X, a collection A of subsets of X is said to cover

Y if the union of its elements contains Y.

Lemma 4.1.8. Let Y be a subspace of X. Then Y is compact if and only if every
covering of Y by sets open in X contains a finite subcollection covering Y.  (or)

Let Y be a subspace of X. Then every covering of Y by sets open in Y contains a
finite subcollection covering Y if and only if every covering of Y by sets open in X

contains a finite subcollection covering Y.

Proof. Suppose that Y is compact and let A = { A}, be a covering of Y by sets open
in X. Then {A,NY : «a € J} is a covering of Y by sets open in Y. Since Y is compact,

there exists a finite subcollection
{Aa, NY, A, NY, .. A, NY}

that covers Y.

— {Au,, Aa,, -, Aq, } is a finite subcollection of A that covers Y.

Conversely, suppose that every covering of Y by sets open in X contains a finite
subcollection covering Y.We have to prove that Y is compact.

Let A" = { AL} be a covering of Y by sets open in Y.

— A/ = A,NY for some A, open in X, for each a.

Then the collection 4 = {A,} is a covering of Y by sets open in X.

By hypothesis, there exists some finite subcollection {A,,, A,,, ..., Aa, } that covers
Y.

— {A4,,,A,, ..., A, }is a finite subcollection of A’ that covers Y. Therefore, Y’
is compact.

O]
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Theorem 4.1.9. Every closed subspace of a compact space is compact.

Proof. Let Y be a closed subspace of a compact space X. We have to prove that Y is
compact.

Let A be a covering of Y by sets open in X.

Take B=AU{X —-Y}.

Since X — Y is open in X, the collection B is an open covering of X.

Then, there exists some finite subcollection of B that covers X because X is com-
pact.

If this subcollection contains the set X — Y, remove it from the subcollection;
otherwise, leave the subcollection as it is.

Thus, the resulting collection is a finite subcollection of .4 that covers Y.

Therefore, Y is compact. O
Theorem 4.1.10. Every compact subspace of a Hausdorff space is closed.

Proof. Let Y be a compact subspace of a Hausdorff space. We have to prove that Y is
closed.
That is, to prove that X — Y is open.

Letxge X —Y.

If y €Y, then y # xo.

Thus, for each point y € Y, we can choose disjoint neighborhoods U, and V;, of z,
and y, respectively, because X is Hausdorff.

Then, the collection {V}, : y € Y} is a covering of Y by sets open in X.

Since Y is compact, there exist finitely many of them V,,,V,,,...V,, so that they
cover Y.

Take V ={V,, UV, U..uUV,, }and U = {U,, NU,, N...NU,, }.

Clearly, V and U are open sets such that Y C V, and U is a neighborhood of z.
Claim: UNV = .

Letz e V.

— z €V, for some i.

— 2 ¢ U, because V,, NU,, = 0.

= z ¢ U, because U ={U,, NU, N..NU,,}

Hence our claim.
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= UNY =0, because Y C V.
That is, U is a neighborhood of z( disjoint from Y.
Therefore, 1o c U C X — Y.

Hence, X — Y is open, and hence Y is closed. O

Lemma 4.1.11. If Y is a compact subspace of the Hausdorff space X and x, is
not in Y, then there exist disjoint open sets U and V of X containing x, and Y,

respectively.
Proof. This proof is a part of the previous theorem. O

Theorem 4.1.12. The image of a compact space under a continuous map is com-

pact.

Proof. Let f : X — Y be continuous and let X be compact.
Let A be a covering of the set f(X) by sets openin Y.
The collection {f~'(A)|A € A} is a collection of sets covering X.
These sets are open in X because [ is continuous.
Hence, finitely many of them, say f~!(4,),..., f~*(4,), cover X.
Then, the sets Ay, As, ..., A, cover f(X). ]

Theorem 4.1.13. Let f : X — Y be a bijective continuous function. If X is compact

and Y is Hausdorff, then f is a homeomorphism.

Proof. Given that f : X — Y is a bijective continuous function.
To prove: f is a homeomorphism.
It is enough to prove that f~!: Y — X is continuous.
Let A be a closed set in X.
To prove: f(A) is closed in Y.
Since X is compact and A is closed in X, A is compact.
Since f is continuous, f(A) is compact.
Since Y is Hausdorff and f(A) is a compact subspace of Y, we have f(A) is closed

inY.
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Theorem 4.1.14. The product of finitely many compact spaces is compact.

Proof. We shall prove that the product of two compact spaces is compact. Then the
theorem follows by induction for any finite product.
Step 1:

Suppose that X and Y are two spaces with Y compact, o € X, and N is an open
set of X x Y, containing the slice g x Y of X x Y.

We prove that "there is a neighborhood W of 2, in X such that N contains the
entire set W x Y" (Here W x Y is called a tube about z;, x Y).

First, let us cover the slice xy, x Y by basis elements U x V' lying in N.

Since zy x Y is homeomorphic to Y and since Y is compact, we have z, x Y is
compact.

Therefore, zy x Y can be covered by finitely many such basis elements

Uy x Vi,Us x Vo, ..., U, X V,.
ie., xg XY C (U xWV)U...U(U, xV,). 4.1)

Define W = U, N Us...NU,,.
Therefore, W is open in X.
Claim: The sets U; x V; covers the tube W x Y.
Letz xye W xY.
Consider the point xg X y € xy X Y.
By (4.1), 2o x y € U; x V;, for some i.
— y €V, for that i.
But z € Uj, for every j = 1,2,...,n, because z € W.
— zxyelU xV,.
Hence our claim.
Since all the sets U; x V; lie in N, and since they cover W x Y, the tube W x Y lies
in N also.
Step 2:
Now, we prove the main theorem.
Let X and Y be compact spaces.

To prove: X x Y is compact.
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Let A be an open covering of X x Y.

Given xy € X, the slice oy x Y is a compact subset of X x Y and hence z; x y may
be covered by finitely many elements A;, A,, ..., A, of A.

Take N = A, U A,U..UA,,.

Then, N is an open et in X x Y such that g x y C N.

.. By step 1, there exists a neighborhood W of x, in X such that N contains the
tube W x Y about z(y x y.

i.e., W x Y is covered by finitely many elements A;, A, ..., A,, of A.

Thus, for each x € X, we can choose a neighborhood W, of x such that the tube
W, x Y can be covered by finitely many elements of A.

Then, the collection {W, : € X} is an open covering of X.

.. By the compactness of x, there exists a finite subcollection {W;, W5, ..., Wy}
covering X.

Then (W) xY)U...UW, xY) =X xY and each W; x Y is covered by finitely
many elements of A.

i.e., X x Y can be covered by finitely many elements of A.

= X x Y is compact. O

Lemma 4.1.15. [The tube lemma] Consider the product space X x Y, where Y is
compact. If N is an open set of X x Y containing the slice o x Y of X x Y, then N

contains some tube W x Y about z, x Y, where W is a neighborhood of z, in X.
Proof. Proof of step 1. O

Definition 4.1.16. The collection C of subsets of X is said to have the finite intersection
property if for every finite subcollection {C1,Cs, ..., C,,} of C, the intersection C; N Cy N
... N C,, is nonempty.

Theorem 4.1.17. Let X be a topological space. Then X is compact if and only if
for every collection C of closed sets in X having the finite intersection property, the

intersection (). C of all the elements of C is nonempty

Proof. Suppose that X is compact.

Let C be the collection of closed sets in X having the finite intersection property.

Claim: (oo C # 0.
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Suppose that (.. C = 0.

= X —NeecC =X,

— Ugee(X —C) = X. Then, {X — C : C € C} is an open covering of X.
Since X is compact, there exists finitely many of them, say X — Cy,--- , X — C, such
that they cover X.

That is, | J; (X — C;) = X.

— X -N_,C =X.

= iz, Ci =0,
which is a contradiction to the fact that C has finite intersection property.
Hence our claim.

To prove the converse part, let A be an open covering of X.
Take C={X-A:Ac A}
Then, C is a collection of closed sets in X.
Now, UpsA=X = X U, A=0.
= Naes(X —A) =0.
.. By hypothesis, C cannot have finite intersection property.

— there exists finite number of members, say X — A;, X — A,,..., X — A, inC so
that ", (X — 4;) = 0.

— X-UL 4i=0.

—= U, 4 =X.

That is, {A;, Ao, ..., A, } covers X.

.. X is compact. ]

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Compact spaces with examples
2. Constructing new compact spaces from the given ones
3. The tube lemma

4. Finite intersection property
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Check your Progress:

1. Which of the following is not true?

(A) Finite product of compact spaces is compact
(B) arbitrary product of compact spaces is compact
(C) homeomorphic image of a compact spaces is compact

(D) None of these
2. Which of the following is not compact?

(A) indiscrete topological space
(B) finite complement topological space
(C) infinite discrete topological space
(D) finite topological space
3. If A and B are two compact subsets of a topological space X, then which of the
following is not correct?
(A) A x B is compact (B) AU B is compact

(C) AN B is compact (D) None of these

4.2 Compact subspaces of the real line

Theorem 4.2.1. Let X be a simply ordered set having the least upper bound prop-

erty. In the order topology, each closed interval in X is compact.

Proof. Let a,b € X such that a < b.
To prove: [a,b] is compact in X.
Let A be a covering of [a, b] by sets open in [a, b] in the subspace topology.
We shall prove that there exists a finite subcollection of A covering |a, b].
We prove this by four steps:
Step 1
If x € [a,b] such that x # b, then we prove that there is a point y > z in [a, b] such

that [z, y] can be covered by atmost two elements of A.
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If  has an immediate successor y in X, then [z, y] consists of only two points = and

So [z, y] can be covered by at most two elements of A.

If = has no immediate successor in X, choose an element A of A containing .

Because = # b and A is open, A contains an interval of the form [z, ¢) for some ¢ in
la,b].

Choose a point y in (z, ¢).

Then the interval [x, y] is covered by the single element A of A.
Step 2

Let C be the set of all points y > a of [a,b] such that the interval [a,y] can be
covered by finitely many elements of A.

Applying Step 1 to the case = = a, we see that there exists at least one such y, so C
is not empty.

Thus, by hypothesis, C' has the least upper bound.

Let ¢ be the least upper bound of the set C.

Then a < ¢ < b.
Step 3

We show that ¢ belongs to C.

i.e., we show that the interval [a, ¢|] can be covered by finitely many elements of .A.

Choose an element A of &/ containing c.

Since A is open, it contains an interval of the form (d, ¢] for some d in [a, b)].

If ¢ is not in C, there must be a point z of C lying in the interval (d, ¢), because
otherwise d would be a smaller upper bound on C' than c.

Since z is in C, the interval [q, z] can be covered by finitely many, say n, elements
of A.

Now [z, (] lies in the single element A of A, hence [a, ¢] = [a, z]U][z, ¢| can be covered
by n + 1 elements of A.

Thus cis in C, contrary to the assumption.
Step 4

Finally, we show that ¢ = b, and our theorem is proved.

Suppose that ¢ < b.
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Applying Step 1 to the case x = ¢, we conclude that there exists a point y > ¢ of
la, b] such that the interval [c, y] can be covered by finitely many elements of A.

We proved in Step 3 that cis in C, so [a, ¢] can be covered by finitely many elements
of A. Therefore, the interval

[a,y] = la, ] U e, 4]

can also be covered by finitely many elements of A.

This means that y is in C, which is a contradiction to the fact that ¢ is an upper
bound on C.

S.c=b.

ie,beC.

i.e., [a, b] can be covered by finitely many elements of mathcal A.

.. [a, b] is compact. O
Corollary 4.2.2. Every closed interval in R is compact.

Proof. Since R satisfies the hypothesis of the previous theorem, every closed interval

in R is compact. O

Theorem 4.2.3. A subspace A of R" is compact if and only if it is closed and is

bounded in the euclidean metric d or the square metric p.

Proof. We know that the inequalities

p(z,y) < d(z,y) < Vnp(z,y)

hold.
Then, the subspace A of R" is bounded under d if and only if it is bounded under p.
So, it will suffice to consider only the metric p.

Suppose that A is compact. Then, by Theorem 4.1.10} it is closed.

Consider the collection of open sets
{BP(Ovm) | m e Z-i-}

whose union is all of R”.

Some finite subcollection covers A. It follows that A C B,(0, M) for some M.
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Therefore, for any two points = and y of A, we have p(x,y) < 2M.
Thus, A is bounded under p.
Conversely, suppose that A is closed and bounded under p.
Suppose that p(x,y) < N for every pair z, y of points of A.
Choose a point x, of A, and let p (x,0) = b.
The triangle inequality implies that p(x,0) < N + b for every z in A.
If P= N + b, then A is a subset of the cube [— P, P]", which is compact.

Being closed, A is also compact. O

Example 4.2.4. The unit sphere S™! and the closed unit ball B" in R" are compact

because they are closed and bounded.

Example 4.2.5. The set
A={zx (1/z) |0 <2z <1}

is closed in R?, but it is not compact because it is not bounded.

Example 4.2.6. The set
S ={zx (sin(l/z)) |0 <z <1}
is bounded in R?, but it is not compact because it is not closed.

Theorem 4.2.7. (Extreme value theorem). Let f : X — Y be continuous, where Y
is an ordered set in the order topology. If X is compact, then there exist points c

and d in X such that f(c) < f(z) < f(d) for every = € X.

Proof. Since f is continuous and X is compact, the set A = f(X) is compact.

We show that A has a largest element M and a smallest element m.

Then, since m and M belong to A, we must have m = f(c) and M = f(d) for some
points ¢ and d of X.

If A has no largest element, then the collection
{(=00,a) |a € A}

forms an open covering of A.
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Since A is compact, some finite subcollection

{(—00,a1),...,(—00,a,)}

covers A.

If a; is the largest of the elements a4, ...a,, then a; belongs to none of these sets,
contrary to the fact that they cover A.

Similarly, we can prove that A has a smallest element m, and hence there exists

¢ € X such that m = f(c¢) and f(c¢) < f(x),Vx € X.
= f(c¢) < f(z) < f(d),Vz € X.
]

Note: The extreme value theorem of calculus is the special case of this theo-

rem that occurs when we take X to be a closed interval in R and Y to be R.

Definition 4.2.8. Let (X, d) be a metric space. Let A be a nonempty subset of X. For

each x € X, we define the distance from x to A by the equation
d(z,A) = inf{d(z,a) | a € A}
Remark 4.2.9. For fixed A, the function d(z, A) is a continuous function of x.

Proof. Given z,y € X, one has the inequalities
d(z,A) < d(z,a) < d(z,y) +d(y, a)

for each a € A.
It follows that
d(, A) — d(z,y) < inf d(y, a) = d(y, A)

so that
d(x, A) — d(y, A) < d(z,y).

The same inequality holds with = and y interchanged.

Thus, the continuity of the function d(z, A) follows. O
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Definition 4.2.10. The diameter of a bounded subset A of a metric space (X, d) is the
number

sup {d (a1,as) | ai,as € A}.

Lemma 4.2.11. (The Lebesgue number lemma). Let A be an open covering of the
metric space (X, d). If X is compact, there is a § > 0 such that for each subset of X
having diameter less than ), there exists an element of </ containing it.

The number 0 is called a Lebesgue number for the covering A.

Proof. Let A be an open covering of X.
If X itself is an element of A, then any positive number is a Lebesgue number for
A.
So assume X is not an element of .o/
Choose a finite subcollection {Ay, ..., A, } of A that covers X.
For each i, set C; = X — A;, and define f : X — R by letting f(x) be the average of

the numbers d (z, C;). i.e.,

n

flr) = 3w, C).
=1

We show that f(z) > 0 for all z.
Given x € X, choose i so that x € A;.
Then, choose ¢ so that the e-neighborhood of x lies in A;.
Then, d (z,C;) > ¢, so that f(z) > €/n.
Since f is continuous, it has a minimum value J.
We show that ¢ is our required Lebesgue number.

Let B be a subset of X of diameter less than ¢.
Choose a point z of B.

Then, B lies in the §-neighborhood of x,. Now,
6 S f(l'()) S d(I07Cm) )

where d (z¢, C},) is the largest of the numbers d (z, C;).
Then, the §-neighborhood of z, is contained in the element A,, = X — C,, of the

covering o7 . O
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Definition 4.2.12. A function f from the metric space (X, dx) to the metric space (Y, dy)
is said to be uniformly continuous if given ¢ > 0, there is a 6 > 0 such that for every

pair of points xq, 1 of X,
dx (wo,21) < 0 = dy (f (z0), [ (x1)) < €.

Theorem 4.2.13. (Uniform continuity theorem). Let f : X — Y be a continuous
map of the compact metric space (X,dy) to the metric space (Y,dy). Then f is

uniformly continuous.

Proof. Given € > 0, take the open covering of Y by balls B(y, ¢/2) of radius €/2.
Let <7 be the open covering of X by the inverse images of these balls under f.
Choose ¢ to be a Lebesgue number for the covering A.
Then, if x; and z, are two points of X such that dx (z1,72) < J, the two-point set
{z1, 2>} has diameter less than ¢, so that its image {f (x;), f (z2)} lies in some ball
B(y,€/2). Then

dy (f (z1), f (z2)) <e.

]

Definition 4.2.14. If X is a space, a point = of X is said to be an isolated point of X if

the one-point set {x} is open in X.

Theorem 4.2.15. Let X be a nonempty compact Hausdorff space. If X has no

isolated points, then X is uncountable.

Proof. Given that X is a nonempty compact Hausdorff space.
Step 1: We show first that given any nonempty open set U of X and any point = of X,
there exists a nonempty open set V contained in U such that x ¢ V.

Choose a point y of U different from x. This is possible if x is in U because x is not
an isolated point of X.

Also, it is possible if = is not in U simply because U is nonempty.

Now, choose disjoint open sets W, and W, about x and y, respectively.

Then, the set V = W, N U is the desired open set.

It is contained in U, it is nonempty because it contains y, and its closure does not

contain z.
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Step 2: We show that given f : Z, — X, the function f is not surjective. It follows
that X is uncountable.

Define f(n) = z,,Yn € Z,.

Take U = X and z; € X.

Then, by Step 1, there exists a nonempty open set V; C U such that z; ¢ V.

In general, given nonempty open set V,,_;, we can choose a nonempty open set V,,
such that V,, C V,,_; and z,, ¢ V/,,.

Consider the nested sequence
Vl D) VQ D ...

of nonempty closed sets of X.
Clearly, these closed sets have the finite intersection property.

Since X is compact, we have

() Va#0,

neEZy

and hence there is a point

T e ﬂVn.

neEZy

— 2¢€V,,Vn€Z,.
— 1 # x,,Vn € Z,,because x, ¢ V,,Vn € Z.

—> 1z has no pre image under f.
— f is not surjective.

This shows that X is uncountable. O
Corollary 4.2.16. Every closed interval in R is uncountable.

Proof. We know that, every closed interval in R is compact.
Since R is Hausdorff, as a subspace of R, any closed interval in R is Hausdorff, and
it has no isolated points.

.. By the above theorem, every closed interval in R is uncountable. O
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Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Some compact subspaces of the real line
2. Extreme value theorem
3. The Lebesgue number lemma
4. Uniform continuity theorem
Check your Progress:
1. Which of the following is compact?
(A) R with standard topology
(B) R with finite complement topology
(C) the subspace (1, 3] of R

(D) R with discrete topology
2. Which of the following is not true for (0, 1] in R with finite complement topology?

(A) not closed (B) bounded

(C) not compact (D) None of these

3. If A is a nonempty compact subset of R , then which of the following is not true

always?
(A) Ais a closed set (B) A is a closed interval
(C) Aisnot open (D) None of these

4.3 Limit Point Compactness

Definition 4.3.1. A space X is said to be limit point compact if every infinite subset of

X has a limit point.

Theorem 4.3.2. Compactness implies limit point compactness, but not conversely.
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Proof. Let X be a compact space.

Given a subset A of X, we wish to prove that if A is infinite, then A has a limit
point.

We prove the contrapositive - if A has no limit point, then A must be finite.
So, suppose that A has no limit point.
Then A contains all its limit points, so that A is closed.

Furthermore, for each a € A, we can choose a neighborhood U, of a such that U,
intersects A in the point a alone.

The space X is covered by the open set X — A and the open sets U, ; being compact,
it can be covered by finitely many of these sets.

Since X — A does not intersect A, and each set U, contains only one point of A, the

set A must be finite. O]

Remark: Limit point compactness does not imply compactness.
For,
Let Y consist of two points; give Y the topology consisting of Y and the empty set.
Then the space X = Z, x Y is limit point compact, for every nonempty subset of
X has a limit point.
It is not compact, for the covering of X by the open sets U,, = {n} x Y has no finite

subcollection covering X.

Definition 4.3.3. Let X be a topological space. If (x,) is a sequence of points of X, and
if
nyg<ng < - <my< -

is an increasing sequence of positive integers, then the sequence (y;) defined by setting
y; = xp, is called a subsequence of the sequence (x,). The space X is said to be sequen-

tially compact if every sequence of points of X has a convergent subsequence.
Theorem 4.3.4. Let X be a metrizable space. Then the following are equivalent:
1. X is compact.
2. X is limit point compact.
3. X is sequentially compact.
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Proof. We have already proved that (1) = (2).

To show that (2) = (3), assume that X is limit point compact.

Given a sequence (z,,) of points of X, consider the set A = {z,, |n € Z. }.

If the set A is finite, then there is a point = such that + = x,, for infinitely many
values of n.

In this case, the sequence (z,) has a subsequence that is constant, and therefore
converges trivially.

On the other hand, if A is infinite, then A has a limit point .

We define a subsequence of (z,,) converging to z as follows:

First choose n; so that

T, € B(z,1).

Then suppose that the positive integer n; ; is given.
Because the ball B(z,1/) intersects A in infinitely many points, we can choose an
index n; > n,;_; such that

n, € B(z,1/i)

Then the subsequence z,,,, x,,, ... converges to z.

Finally, we show that (3) = (1). This proof consists of 3 parts.

First, we show that if X is sequentially compact, then the Lebesgue number lemma
holds for X.

Let o/ be an open covering of X.

We assume that there is no 6 > 0 such that each set of diameter less than § has an
element of ./ containing it, and derive a contradiction.

Our assumption implies in particular that for each positive integer n, there exists a
set of diameter less than 1/n that is not contained in any element of A; let C,, be such
a set.

Choose a point z,, € C,, for each n. By hypothesis, some subsequence (x,,) of the
sequence (z,,) converges, say to the point a.

Now a belongs to some element A of the collection A; because A is open, we may
choose an € > 0 such that B(a,¢) C A.

If i is large enough that 1/n; < ¢/2, then the set C,, lies in the ¢/2-neighborhood

110



of z,,; if 7 is also chosen large enough that d (z,,,a) < €¢/2, then C,, lies in the e-
neighborhood of a.

But this means that C,,, C A, contrary to hypothesis.

Second, we show that if X is sequentially compact, then given ¢ > 0, there exists a
finite covering of X by open e-balls.

Once again, we proceed by contradiction. Assume that there exists an € > 0 such
that X cannot be covered by finitely many e-balls.

Construct a sequence of points z,, of X as follows:

First, choose x; to be any point of X. Noting that the ball B (x4, ¢) is not all of X
(otherwise X could be covered by a single e-ball), choose x5 to be a point of X not in
B (1, €).

In general, given x4, ..., z,, choose z,; to be a point not in the union
B(z1,e)U---U B (x,,€)

using the fact that these balls do not cover X.

Note that by construction d (z,,41,2;) > efori=1,... n.

Therefore, the sequence (z,,) can have no convergent subsequence; in fact, any ball
of radius €/2 can contain z,, for at most one value of n.

Finally, we show that if X is sequentially compact, then X is compact.

Let </ be an open covering of X.

Because X is sequentially compact, the open covering ./ has a Lebesgue number

Let e = §/3; use sequential compactness of X to find a finite covering of X by open
e—balls.

Each of these balls has diameter of at most 2§/3, so it lies in an element of <.

Choosing one such element of .7 for each of these ¢— balls, we obtain a finite

subcollection of .« that covers X. O]

Let Us Sum Up:

In this section, we have discussed the following concepts:

1. Limit point compactness
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2. Sequentially compactness
3. Relation between compactness, limit point compactness and sequentially compact-

ness in metrizable spaces

Check your Progress:

1. If X is a metrizable space, then

(A) Xis compact (B) X is limit point compact

(C) X is sequentially compact (D) None of these
2. If X is a compact space, then

(A) X is limit point compact, and conversely
(B) X s sequentially compact, and conversely
(C) both (a) and (b)

(D) None of these
3. A topological space X is limit point compact if

(A) every closed subset of X has a limit point
(B) every infinte subset of X has a limit point
(C) every sequence has a limit

(D) All of these

4.4 Local Compactness

Definition 4.4.1. The space X is said to be locally compact at x if there is some compact
subspace C' of X that contains a neighbourhood of .

If X is locally compact at each of its points, then X is said to be locally compact.

Note: Every compact space is locally compact.
For,
If X is compact, then every open cover of X has a finite subcollection, say {U;, Us, ..., U, },

that covers X.

112



Let x € X. Then z € U; for some j.
.. X is a compact space such that it contains the neighborhood U; of x.

i.e., X is locally compact.

Example 4.4.2. The real line R is locally compact.
For,
Let x € R. Then x belongs to some open interval (a,b) in R.
.. la, b] is the compact subspace of R containing the neighborhood (a,b) of .

—> R is locally compact.

Remark: The above example shows that a locally compact space need not be

compact.

Example 4.4.3. The space R" is locally compact.
For,
Let x = (21,9, ...,x,) € R™.
Let (ay,b1) X (ag,b2) X ... X (ay,b,) be any basis element in mathbbR"™ containing x.
Then [a1,b1] X [ag,by] X ... X [an,b,] is the compact subspace of R™ containing the
neighborhood (ay,by) X (az,bs) X ... X (an,by) of x.

.. R™ is locally compact.

Example 4.4.4. The space R is not locally compact.
For,
Let © = (Z4)acw € R¥.
Let B = (a1,b1) X (az,b3) X ... X (an,b,) X R x ... x R X ... be any basis element
containing x.
If there exists a compact subspace A such that B C A, then A is closed, because R“ is
Hausdorff.
But B is the smallest closed set containing B.
— B C A
— B must be compact, but B = [ay,by] X [az,bs] X ... X [an,by] X R x ... x R x ...
is not compact.
.. B is not contained in any compact subspace of R.

i.e., R¥ is not locally compact.
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Example 4.4.5. Every simply ordered set X having the least upper bound property
is locally compact, because given a basis element for X, it is contained in a closed interval

in X, which is compact.

Theorem 4.4.6. Let X be a space. Then X is locally compact Hausdorff if and only

if there exists a space Y satisfying the following conditions:
1. X is a subspace of Y.
2. The set Y — X consists of a single point.
3. Y is a compact Hausdorff space.

If Y and Y’ are two spaces satisfying these conditions, then there is a homeomor-

phism of Y with Y’ that equals the identity map on X.

Proof. Step 1.

We first verify uniqueness.

Let Y and Y’ be two spaces satisfying these conditions.

Define h : Y — Y’ by letting h map the single point p of Y — X to the point ¢ of
Y’ — X, and letting h equal the identity on X.

We show that if U is open in Y, then h(U) is open in Y.

Symmetry then implies that & is a homeomorphism.

First, consider the case where U does not contain p.

Then h(U) =U.

Since U is open in Y and is contained in X, it is open in X.

Because X is open in Y, the set U is also open in Y’, as desired.

Second, suppose that U contains p.

Since C' =Y — U is closed in Y, it is compact as a subspace of Y.

Because C' is contained in X, it is a compact subspace of X.

Then, because X is a subspace of Y’, the space C'is also a compact subspace of Y.

Because Y’ is Hausdorff, C' is closed in Y’, so that h(U) = Y’ — C'is open in Y, as
desired.
Step 2 :

Now we suppose X is locally compact Hausdorff and construct the space Y.
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Step 1 gives us an idea how to proceed.

Let us take some object that is not a point of X, denote it by the symbol oo for
convenience, and adjoin it to X, forming the set Y = X U {c0}.

Topologize Y by defining the collection of open sets of Y to consist of (1) all sets U
that are open in X, and (2) all sets of the form Y — C, where C is a compact subspace
of X.

We need to check that this collection is, in fact, a topology on Y.

The empty set is a set of type (1), and the space Y is a set of type (2).

Checking that the intersection of two open sets is open involves three cases:
Uy N U, is of type (1).
Y -C)Nn (Y =Cy) =Y — (CyU(Cy) is of type (2).
Uyn(Y —Cy) =U; N (X —C))is of type (1)
because (' is closed in X.

Similarly, one checks that the union of any collection of open sets is open:

JU.=U s of type (1).
U(Y—Cg):Y—(ﬂCﬁ>:Y—O is of type (2). 2

(UUQ)u(U(Y—CﬁD —UU(Y —C)=Y — (C - U),

which is of type (2) because C' — U is a closed subspace of C' and therefore compact.

Now we show that X is a subspace of Y.

Given any open set of Y, we show its intersection with X is open in X.

If Uisof type (1), then UNX =U.

IfY — Cisoftype (2),then (Y —C)NX =X - C.

Both of these sets are open in X.

Conversely, any set open in X is a set of type (1) and therefore open in Y by
definition.

To show that Y is compact, let .7 be an open covering of Y.

The collection .7 must contain an open set of type (2), say Y — C, since none of
the open sets of type (1) contain the point oc.

Take all the members of A different from Y — C' and intersect them with X.

They form a collection of open sets of X covering C.
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Because C' is compact, finitely many of them cover C.

The corresponding finite collection of elements of A will, along with the element
Y — C, cover all of Y.

To show that Y is Hausdorff, let x and y be two points of Y.

If both of them lie in X, there are disjoint sets U and V' open in X containing them,
respectively.

On the other hand, if + € X and y = oo, we can choose a compact set C' in X
containing a neighborhood U of .

Then U and Y — C are disjoint neighborhoods of = and oo, respectively, in Y.
Step 3:

Finally, we prove the converse.

Suppose a space Y satisfying conditions (1)-(3) exists.

Then X is Hausdorff because it is a subspace of the Hausdorff space Y.

Given x € X, we show X is locally compact at x.

Choose disjoint open sets U and V' of Y containing x and the single point of Y — X,
respectively.

Then the set C' =Y — V is closed in Y/, so it is a compact subspace of Y.

Since C lies in X, it is also compact as a subspace of X.

It contains the neighborhood U of x.

—> X is locally compact at x.

Since x € X is arbitrary, X is locally compact. O

Definition 4.4.7. If Y is a compact Hausdorff space and X is a proper subspace of Y
whose closure equals Y, then Y is said to be a compactification of X.

If Y — X equals a single point, then Y is called the one point compactification of X.

Note: In Theorem |4.4.6, we have shown that X has the one point compactifi-

cation Y <= X is locally compact, Hausdorff space, that is, not itself compact.

Example 4.4.8. We know that X = (0, 1) with the usual topology is not compact. Take
Y =1[0,1], Clearly, X =Y, and Y is the compact Hausdorff space.

— Y is the compactification of X.
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Example 4.4.9. We know that X = [0, 1) with the usual topology is not compact. Take
Y =[0,1], Clearly, X =Y,and Y — X = {1}.

— Y is the one point compactification of X.

Theorem 4.4.10. Let X be a Hausdorff space. Then X is locally compact <> given
x in X and given a neighborhood U of z, there is a neighborhood V of = such that

V is compact and V C U.

Proof. Suppose that X is locally compact. Let x € X and U be any neighborhood of .

Then, X has a one point compactification Y.

Take C' =Y — U.

Since U is open in X and X is open in Y, we have U is open in Y.

-.Cisclosedin Y.

Thus, C' is a compact subspace of Y, because Y is compact.

Also, = ¢ C.

.. There exist disjoint open sets V and W of  and C, respectively. Thus, V in Y is
compact.
Claim: VN C = 0.

Suppose that y € V N C.

— yeVandyeC.

.y € Vandy e W, because C C W.

Since y € V, the neighborhood W of y must intersect V' which is impossible, be-
cause VN W = 0.

Hence our claim.

S Vcu.

Conversely, given z € X and given a neighborhood U of z, there is a neighborhood
V of x such that V is compact and V C U.

Since V C V, V is the required compact set containing a neighborhood V' of z.

—> X is locally compact. O

Corollary 4.4.11. Let X be a locally compact Hausdorff and A be a subspace of X.
If Ais closed in X (or) open in X, then A is locally compact.
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Proof. Given that X is locally compact and Hausdorff.
Case 1:

Suppose that A is closed in X.

Letx € A. Thenz € X.

Since X is locally compact, there exists a compact subspace C' of X containing the
neighborhood U of z in X.

Since A is closed in X, AN C' is closed in C.

—> AN C is compact.

Now, U CC — AnNnUCANC.

Also, AN U is a neighborhood of x in A.

.. We have a compact subspace A N C' of A containing the neighborhood A N U of
x in A.

—> A is locally compact.
Case 2:

Suppose that A is ope in X. Let z € A.

Then x € X and A is a neighborhood of x in X.

Therefore, by previous theorem, there exists a neighborhood V' of = in X such that
V is compact and V C A.

Thus, V is the required compact subspace of A containing the neighborhood V' of
xin A, because VNA=1V.

—> A is locally compact. O

Corollary 4.4.12. A space X is homeomorphic to an open subspace of a compact

Hausdorff space if and only if X is locally compact Hausdorff.

Proof. Suppose that X is locally compact and Hausdorff.

Then by Theorem [4.4.6}, there exists a one point compactification Y of X.

Thus, Y is compact Hausdorff space such that X is homeomorphic to the open
subspace Y — {p}, where p ¢ X.

Conversely, suppose that X is homeomorphic to an open subspace A of a compact
Hausdorff space Y.

—> Y is locally compact also.

Then by previous corollary, A is locally compact.
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Also, since Y is Hausdorff, A is Hausdorff.

Since X is homeomorphic to A, X is locally compact, Hausdorff. O

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Locally compact space with examples
2. Compactification

3. Equivalent condition for local compactness

Check your Progress:
1. Which of the following is not locally compact?

A R (B) R?

(C© Rv (D) None of these
2. If X is a locally compact Hausdorff space, then which of the following is true?

(A) There exists a space Y such that X is a subspace of Y’
(B) There exists a space Y such that the set Y — X consists of a single point
(C) There exists a compact Hausdorff space YV’

(D) All of these
3. Which of the following is true?

(A) Every compact space is locally compact
(B) Every locally compact space is compact
(C) R¥ is locally compact

(D) All of these

Unit Summary:

This unit dealt with compact spaces with examples, ways of constructing new com-
pact spaces out of existing ones, identifying compact subspaces of the real line, char-
acterization of compact subspaces of R", relation between compactness, limit point

compactness and sequentially compactness, and local compactness.
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Glossary:

Open cover of X - A cover of X with open sets in X
d(xz, A) - Distance from z to A

x is an isolated point of X - The one-point set {z} is open in X

Self-Assessment Questions:

1.

4.

Show that the rationals QQ are not locally compact.
Show that a finite union of compact subspaces of X is compact.

Show that if f : X — Y is continuous, where X is compact and Y is Hausdorff,

then f is a closed map.

Show by an example that limit point compactness needn’t imply compactness.

Exercises:

. Prove that every subset of R is compact in the finite complement topology.

. Prove that if X is an ordered set in which every closed interval is compact, then

X has the least upper bound property.
Show that [0, 1] is not limit point compact as a subspace of R;.

Let X be limit point compact. If f : X — Y is continuous, does it follow that

f(X) is limit point compact?

. Let X be a locally compact space. If f : X — Y is continuous, does it follow that

f(X) is locally compact?

Answers for check your progress:

Section 4.1 1. (D) 2. (O 3. (B)
Section 4.2 1. (B) 2. (D) 3. (B)
Section 4.3 1. (D) 2. (D) 3. (B)
Section 4.4 1. (O) 2. (D) 3. (A)
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Unit 5

Countability and Separation Axioms

Objectives:

This unit provides introduction to some countability and separation axioms to-
gether with their consequences. The main aim of this unit is to prove the Urysohn

Metrization Theorem and the Tietze Extension Theorem.

5.1 Countability Axioms

Definition 5.1.1. The space X is said to have a countable basis at z if there is a
countable collection & = {U, }nez, of neighborhoods of x such that each neighborhood

U of x contains atleast one of the elements U,, of 4.

Definition 5.1.2. A space that has a countable basis at each of its points is said to satisfy

the first countability axiom (or) to be first countable.
Example 5.1.3. Every metrizable space is first countable.

Proof. Let X be metrizable and let z € X.
Let B ={By(z,1/n):ncZ,}.
Clearly, 4 is a countable collection of neighborhoods of x.
Now, consider any neighborhood B,(z, ) of .
If r > 1, then every element of & is contained in By(z,r).
If r <1, then clearly atleast one of the member of % is contained in B,(z, 7).
= % is a countable basis at z.

Since x € X is arbitrary, X is first countable. O
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Theorem 5.1.4. Let X be a topological space.

(a) Let A be a subset of X. If there is a sequence of points of A converging to z,

then x € A. The converse holds if X is first countable.

(b) If f : X — Y is continuous, then for every convergent sequence v, — z in
X, the sequence (f(x,)) converges to f(x). The converse holds if X is first

countable.

Proof. The proof is a direct generalization of the proof given under the hypothesis of

metrizability. O

Definition 5.1.5. If a space X has a countable basis for its topology, then X is said to

satisfy the second countability axiom, or to be second countable.

Example 5.1.6. R is second countable, since = {(a,b) : a,b € Q} is a countable basis
for R.

Example 5.1.7. R” is second countable because it has countable basis consisting of all

products of open intervals having rational end points.

Example 5.1.8. R is second countable because the collection of all products HneZ+ Uns
where U, is an open interval with rational end points for finitely many values of n and

U, = R for all other values of n, is a countable basis for R¥.
Remark 5.1.9. Second countability implies first countability.

Proof. Suppose that X is second countable.

Then there exists a countable basis & for the topology of X.

Letz € X.

Then the subcollection of 4 consisting of those basis elements containing the point
x is a countable basis of X.

— X is first countable. ]

Theorem 5.1.10.

(a) A subspace of a first-countable space is first-countable, and a countable prod-

uct of first-countable spaces is first-countable.
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(b) A subspace of a second countable space is second-countable, and a countable

product of second-countable spaces is second-countable.

Proof. (a) Let X be a first countable space, and let Y be a subspace of X.
To prove: Y is a first countable space.

Lety €Y.

SinceY C X,y € X.

Since X is first countable, there exists a countable basis at .

i.e., there exists a collection # = {U, },ecz, of neighborhoods of y in X such that
each neighborhood U of y in X contains atleast one of the member of Z.

Then #' = {U,NY : U, € A} is a countable collection of neighborhoods of y in Y.

Let V' NY be a neighborhood of y in Y.

Since V' is a neighborhood of y in X, there exists a member U, in % such that
U, CcV.

= U,NnY cCcVny.

i.e., we have a member U, NY € %' suchthat U, NY Cc V NY.

— Y has a countable basis %’ at y.

Since y € Y is arbitrary, each point of Y has a countable basis.

—> Y is first countable.

Let each X,,, n € Z, be first countable.

To prove: H X, is first countable.

nely

Let z = (21,29, ...) € H X,.
nEZy

Thenz; € X;, VieZ,.

Since each X, is first countable, there exists a countable basis %, at z,,, for each n.

Then ¢ = {[[ U.|U, € %4, for finitely many values of n and U,, = X,, for all other values of n}
is a countable collection of neighborhoods of x in [ X,.

Let [ Vi, be a neighborhood of x.

Since = € [[ V,,, we have z,, € V,, for each n.

Since V,, is a neighborhood of =, in X,,, and X, is first countable, there exists an
element U,, € 4, such that U,, C V,, for each n.

Thus, we can choose [[ U, in € such that [[U,, C [[ V..

125



— ¥ is a countable basis at z.

Hence, H X,, is first countable.
neZy
(b) Let X be a topological space and let A be its subspace.

Suppose that X is second countable.

Then, by the definition of second countable space, X has a countable basis % for
its topology.
To prove: A is a second countable space.

It is enough to prove that A has a countable basis for its subspace topology.

Take #' = {BN A|B € #}.

Then 4’ is a countable collection of open subsets of A.

Let U be open in A.

—> U =V N A, where V is open in X.

Since 4 is a basis for the topology of X, there exists a member B in 4 such that
BCV.

= BNACVNA=U.

i.e., we have a member BN Ain % suchthat BN A C U.

—> %' is a basis for the topology of A.

.. #' is a countable basis for the topology of A.

i.e., A is second countable.

The proof for the countable product case is similar as in (a). O
Definition 5.1.11. A subset D of X is said to be dense in X if D = X.
Theorem 5.1.12. Suppose that X has a countable basis. Then
(a) Every open covering of X contains a countable subcollection covering X.
(b) There exists a countable subset of X that is dense in X.

Proof. Let B = {B,},cz, be a countable basis for X.

(a) Let A be an open covering of X.

For each positive integer n for which it is possible, choose an element A, of A
containing the basis element B,,.

Let A = {A,}.
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.. The collection A’ is countable.
Thus, we get a countable subcollection A’ of A.
To prove: A’ covers X.
Letz € X.
Since A is an open covering of X, we can choose an element A of A containing .
Since A is open, there is a basis element B,, such that z € B,, C A.
.. There exists A,, = A € &’ such that z € A,,.
Thus &/’ covers X.
(b) Let B = { B, }nez, be a countable basis for X.
Choose a point z,, from each nonempty basis element B,,.
Let D be the set consisting of the points x,,.
Clearly, D is a countable subset of X.
To prove: D is dense in X.
i.e., to prove D = X.
Let x € X and let U be an open set containing .
Then, there exists a basis element B; € B such that z € B; C U.
We know that z; € B,;.
= x; € U.
But, already we know that z; € D.
.. U N D is nonempty.
Thus x € D.
Hence, X ¢ D. But D C X.
This implies D = X.

Hence, D is dense in X. O

Definition 5.1.13. A space for which every open covering contains a countable subcover-

ing is called a Lindelof space.
Definition 5.1.14. A space having a countable dense subset is called a separable space.
Example 5.1.15. The space R, satisfies all the countability axioms, but the second.

Proof. Given x € Ry, the set of all basis elements of the form [z, z+1/n) is a countable

basis at x.
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So, R; is first countable.
It is easy to see that the rational numbers are dense in R,.
Hence, R, is separable.
To see that R, has no countable basis, let % be a basis for R,.
Choose for each z, an element B, of # such that x € B, C [,z + 1).
If x # y, then B, # B,, since x = inf B, and y = inf B,
Therefore, 2 must be uncountable, and so R; is not second countable.
To show that R, is Lindelof, it will suffice to show that every open covering of R,
by basis elements contains a countable subcollection covering R,.

So, let
A= {[am ba)}aej

be a covering of R by basis elements for the lower limit topology.

We wish to find a countable subcollection that covers R.

Let C be the set
C = (da,ba)

acJ
which is a subset of R.

We show the set R — C' is countable.

Let x be a point of R — C.

We know that x belongs to no open interval (a,, bs)-

Therefore, © = az for some index f.

Choose such a 5 and then choose ¢, to be a rational number belonging to the
interval ( ag, bs ).

Because ( ag, bs ) is contained in C, so is the interval (ag, ¢.) = (z, ¢.).

It follows that if » and y are two points of R — C with = < y, then ¢, < g,.

(For otherwise, we would have =z < y < ¢, < ¢,, so that y would lie in the interval
(x,q,) and hence in C.)

Therefore, the map z — ¢, of R — C' into Q is injective, so that R — C'is countable.

Now, we show that some countable subcollection of A covers R.

To begin, choose for each element of R — C' an element of A containing it.

One obtains a countable subcollection A’ of A that covers R — C.
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Now, take the set C' and topologize it as a subspace of R.

In this topology, C' satisfies the second countability axiom.

Now, C' is covered by the sets (a,, b,), which are open in R and hence open in C.
Then, some countable subcollection covers C.

Suppose that this subcollection consists of the elements (a,, b,) for @ = ay, s, ....

Then A" = {[aa,ba) : @ = a1, a9, ...} is a countable subcollection of A that covers

Thus A’ U A” is a countable subcollection of A that covers R,.

— R, is Lindelof.

Example 5.1.16. The product of two Lindelof spaces need not be Lindelof.

Example 5.1.17. The subspace of a Lindelof space need not be Lindelof.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. First countable space
2. Second countable space
3. Lindelof space
4. Separable space

5. Relation between countability axioms

Check your Progress:

1. The real line with lower limit topology is not

(A) first countable (B) second countable

(C) a separable space (D) None of these
2. Which of the following is not true?

(A) subspace of a first countable space is first countable
(B) subspace of a second countable space is second countable

(C) subspace of a Lindelof space is Lindelof
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(D) None of these
3. The real line R is

(A) first countable (B) a Lindelof space

(C) a separable space (D) All of these

5.2 The Separation Axioms

Definition 5.2.1. A space X is said to be Hausdorff if for each pair x, y of distinct points

of X, there exist disjoint open sets containing x and y, respectively.

Definition 5.2.2. Suppose that one-point sets are closed in X. Then X is said to be
regular if for each pair consisting of a point x and a closed set B disjoint from x, there

exist disjoint open sets containing x and B, respectively.

Definition 5.2.3. The space X is said to be normal if for each pair A, B of disjoint closed

sets of X, there exist disjoint open sets containing A and B, respectively.
Note: The above three axioms are known as separation axioms.
Remark 5.2.4. Every regular space is Hausdorff.

Proof. Let X be a regular space.

Let z,y € X such that z # .

Since X is regular, {y} is closed in X.

Therefore, there exists disjoint open sets U and V' containing = and {y}, respec-
tively.

i.e., U and V are disjoint open sets in X such thatz € U and y € V.

—> X is Hausdorff. O

Remark 5.2.5. Every normal space is regular.

Proof. Let X be a normal space.
Let z € X and B be any closed set in X such that = ¢ B.

Then {z} and B are disjoint closed sets in X.
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Since X is normal, there exists disjoint open sets U and V' containing the closed
sets {x} and B, respectively.
i.e.,, U and V are disjoint open sets in X containing x and B, respectively.

—> X isregular. O
Example 5.2.6. Ry is Hausdorff, but not regular.
Example 5.2.7. R, is normal.
Example 5.2.8. R, is normal — R, is regular —> R, is Hausdorff.
Lemma 5.2.9. Let X be a topological space. Let one-point sets in X be closed.

(a) X is regular if and only if given a point x of X and a neighborhood U of z,
there is a neighborhood V of = such that V C U.

(b) X is normal if and only if given a closed set A and an open set U containing

A, there is an open set V containing A such that V C U.

Proof. (a) Suppose that X is regular.

Suppose that the point 2 and the neighborhood U of x are given.

Let B=X—-U.

Then B is a closed set.

By hypothesis, there exist disjoint open sets V' and W containing x and B, respec-
tively.

The set V is disjoint from B, since if y € B, the set W is a neighborhood of 3
disjoint from V.

Therefore, V C U.

To prove the converse, suppose the point x and the closed set B not containing

x are given.

LetU =X — B.

By hypothesis, there is a neighborhood V' of = such that V c U.

The open sets V and X — V are disjoint open sets containing x and B, respectively.

Thus, X is regular.

(b) Suppose that X is normal.
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Suppose that the closed set A and the open set U containing A are given.

Let B=X—-U.

Then, B is a closed set disjoint from A.

By hypothesis, there exist disjoint open sets VV and W containing A and B, respec-
tively.

The set V is disjoint from B, since if y € B, the set W is a neighborhood of 3
disjoint from V.

Therefore, V C U.

To prove the converse, suppose that A and B are disjoint closed sets in X.

LetU = X — B.

By hypothesis, there is an open set V of A such that V C U.

The open sets V and X — V are disjoint open sets containing A and B, respectively.

Thus, X is normal. O
Theorem 5.2.10.

(a) A subspace of a Hausdorff space is Hausdorff; a product of Hausdorff spaces
is Hausdorff.

(b) A subspace of a regular space is regular; a product of regular spaces is regular.

Proof. (a) Let X be Hausdorff. Let Y be a subspace of X.
To prove: Y is Hausdorff.
Let = and y be two distinct points of the subspace Y of X.
If U and V are disjoint neighborhoods in X of x and y, respectively, then UNY and
V' NY are disjoint neighborhoods of x and y in Y.
— Y is Hausdorff.
Let {X,} be a family of Hausdorff spaces.
To prove: [[ X, is a Hausdorff space.
Let x = (z,) and y = (y,) be distinct points of the product space [ X,.
Because x # y, there is some index 3 such that x5 # yz.
Choose disjoint open sets U and V' in X containing x4 and ys, respectively.
Then, the sets wgl(U ) and 7' (V) are disjoint open sets in [] X,, containing x and

y, respectively.
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— [] X. is a Hausdorff space.

(b) Let X be a regular space. Let Y be a subspace of X.

Then, all the one-point sets are closed in Y.
To prove: Y is regular.

Let = be a point of Y, and B be a closed subset of Y disjoint from x.

Now BNY = B, where B denotes the closure of B in X.

Therefore, » ¢ B, and so, using the regularity of X, we can choose disjoint open
sets U and V of X containing = and B, respectively.

Then UNY and V NY are disjoint open sets in Y containing = and B, respectively.

—> Y isregular.

Let {X,} be a family of regular spaces.

Let X =[] X,
To prove: X is regular.

By (a), X is Hausdorff, so that one-point sets are closed in X.

We use the preceding lemma to prove regularity of X.

Let x = (z,) be a point of X, and let U be a neighborhood of x in X.

Choose a basis element || U, about x contained in U.

Choose, for each «, a neighborhood V,, of z,, in X, such that V,, c U,.

If it happens that U, = X, choose V,, = X,,.

Then V' =[]V, is a neighborhood of x in X.

Since V = [] V., then we have V C [][ U, C U, so that X is regular. O

Example 5.2.11. R, is regular = R? is regular. But R? is not normal.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Hausdorff space
2. Regular space
3. Normal space
4. Relation between separation axioms

5. Equivalent conditions for regularity and normality
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Check your Progress:

1. RK is
(A) Hausdorff (B) regular
(C) Normal (D) All of these

2. Which of the following is not true?

(A) Product of Hausdorff spaces is Hausdorff
(B) Product of regular spaces is regular
(C) Product of normal spaces is normal

(D) None of these
3. Which of the following is not a separation axiom?

(A) Hausdorff space (B) separable space

(C) regular space (D) Normal space

5.3 Normal spaces

Theorem 5.3.1. Every regular space with countable basis is normal.

Proof. Let X be a regular space with a countable basis 2.

To prove : X is normal.
Clearly, one point sets are closed in X, by the regularity of X.
Let A and B be disjoint closed sets in X.

Since X is regular, for each x € A, there exists a neighborhood U, not intersecting

Then 3 a neighborhood V, such that V, c U,

Since V, is an open set containing x, we can choose an element of % containing x
and contained in V.

By choosing such a basis element, for each x € A, we construct a countable cover-
ing of A by open sets, those closure do not intersect B.

Let us denote this cover by {U, }cz, -
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Similarly, choose a countable collection {V},} of open sets covering B such that
each V, is disjoint from A.

Take U = JU, and V = | V.

Then U and V are open sets containing A and B, respectively, but they need not
be disjoint.
Let us construct the required disjoint open sets in the following way:

Given n, define
U, =U,-JVi and V,=V,—|]JU.
=1 i=1

Then each U/ is open, being the difference of an open set U,, and a closed set | J V.

Similarly, each V is open.

Since every r in A belongs to U,, for some n and x belongs to none of the sets V;,
the collection {U],} also covers A.

Similarly, the collection {V,/} covers B.

Now, take

v=Ju, v=Jv.

n€Z+ TLEZ+

Clearly, U’ and V' are open sets containing A and B, respectively.
Claim: U' V' = 0.

Suppose that x € U' N V',

-,z € U; and x € V| for some j, k.

Suppose that j < k.

Thenz € U} = x € U;

k

Butz € V{ =2 ¢|JU; = x¢ U because j < k, a contradiction to z € Uj.
i=1

Similar contradiction arises if j > k.

.U’ and V"’ are disjoint.

Hence the proof. O
Theorem 5.3.2. Every metrizable space is normal.
Proof. Let X be a metrizable space with metric d.

Since X is Hausdorff, every one point set is closed in X.
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Let A and B be disjoint closed subsets of X.
For each a € A, choose ¢, so that the ball B (a, ¢,) does not intersect B.
Similarly, for each b in B, choose ¢, so that the ball B (b, ¢;,) does not intersect A.

Define
U=|JB(a.e/2) and V=|]B(be/2).

a€A beB

Then U and V are open sets containing A and B, respectively.
We claim that they are disjoint.
Forif z € U NV, then
z € Bl(a,e,/2) N B (b, 6/2)

for some a € A and some b € B.
By triangle inequality, d(a,b) < (e, + €,) /2.
If e, < €, then d(a,b) < €, so that the ball B (b, ¢,) contains the point a.
If e, < €,, then d(a,b) < €,, so that the ball B (a,¢,) contains the point b. Neither

situation is possible. Hence our claim. O
Theorem 5.3.3. Every compact Hausdorff space is normal.

Proof. Let X be a compact Hausdorff space.
First let us prove that X is regular.
Clearly, one point sets are closed in X.
Next, if = is a point of X and B is a closed set in X not containing x, then B is
compact.
Then by Lemma 4.1.11, there exist disjoint open sets about = and B, respectively.
Essentially, the same argument as given in that lemma can be used to show that X
is normal:
Given disjoint closed sets A and B in X, choose, for each point a of A, disjoint
open sets U, and V, containing a and B, respectively. (Here we use regularity of X.)
The collection {U,} covers A; because A is compact, A may be covered by finitely

many sets U,, ..., U, . Then

U=U, U--UT,

am

and V=V,nNn---NnV,

am

are disjoint open sets containing A and B, respectively. O
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Theorem 5.3.4. Every well-ordered set X is normal in the order topology.

Proof. Let X be a well-ordered set.
We assert that every interval of the form (x, y] is open in X:

If X has a largest element and y is that element, (z, y| is just a basis element about

If y is not the largest element of X, then (z, y| equals the open set (z,7’), where ¢/
is the immediate successor of y.

Now let A and B be disjoint closed sets in X.

Assume for the moment that neither A nor B contains the smallest element ay of
X.

For each a € A, there exists a basis element about « disjoint from B.

It contains some interval of the form (x, a]. (Here is where we use the fact that a is
not the smallest element of X.)

Choose, for each a € A, such an interval (z,, a] disjoint from B.

Similarly, for each b € B, choose an interval (y;, b] disjoint from A.

The sets

U= U (xq,a] and V= U (yp, b]

acA beB
are open sets containing A and B, respectively.

We assert they are disjoint.

For suppose that z € U N V.

Then z € (z4,a] N (yp, b] for some a € A and some b € B.

Assume that a < b.

Then if a < y,, the two intervals are disjoint, while if a > y,, we have a € (s, b],
contrary to the fact that (y;, b] is disjoint from A.

A similar contradiction occurs if b < a.

Finally, assume that A and B are disjoint closed sets in X, and A contains the
smallest element a, of X.

The set {ao} is both open and closed in X.

Then as we discussed earlier, there exist disjoint open sets U and V' containing the
closed sets A — {ag} and B, respectively.

Then U U {ap} and V" are disjoint open sets containing A and B, respectively. [

137



Example 5.3.5. If J is uncountable, the product space R’ is not normal.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. Condition for a regular space to be normal
2. Relation between metrizable space and a nomal space

3. Normal space in an ordered set
Check your Progress:
1. Which of the following is not normal?

(A) Regular space (B) compact Hausdorff space

(C) Metrizable space (D) Well ordered set with order topology
2. Every metrizable space is

(A) normal (B) regular

(C) Hausdorff (D) All of these
3. Which of the following is not normal?

A) R (B) R, (O Rg (D) R®

5.4 The Urysohn Lemma

Theorem 5.4.1. (The Urysohn Lemma ).
Let X be a normal space and let A and B be disjoint closed subsets of X.

Let [a,b] be a closed interval in the real line. Then there exists a continuous map
f:X —la,b
such that f(x) = a for every z in A, and f(z) = b for every x in B.

Definition 5.4.2. If A and B are two subsets of the topological space X, and if there is a
continuous function f : X — [0, 1] such that f(A) = {0} and f(B) = {1}, we say that A

and B can be separated by a continuous function.
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Definition 5.4.3. A space X is said to be completely regular if one point sets are closed
in X and if for each point xy and each closed set A not containing x, there is a continuous

function f : X — [0, 1] such that f(xo) = 1 and f(A) = {0}.
Theorem 5.4.4. A subspace a completely regular spaces is completely regular.

Proof. Let X be a completely regular space and let Y C X.
To prove: Y is completely regular.
Consider a subset {p} in Y.
Since {p} C X, itis closed in X.
— {p}NYisclosedinY.
— {p}isclosedinY.
.. All one point sets in Y are closed in Y.
Let o € Y and let A be a closed set of Y such that z, ¢ A.
We know that, Closure of Ain Y =ANY, where A is the closure of A in X.
Since A is closed in Y, we have A = ANY.
Then zy ¢ A, because z, € Y and zy ¢ A.
Now, we have a point x of X and a closed set A of X such that z ¢ A.
Since X is completely regular, we can choose a continuous function f : X — [0, 1]
such that f(z¢) = 1 and f(A) = {0}.
Then the restricted function f, : Y — [0,1] is also continuous and f(z;) =
1, f(A) = {0}.
Thus, Y is completely regular. O

Theorem 5.4.5. A product of a completely regular spaces is completely regular.

Proof. Let {X,} be a family of completely regular spaces.
To prove: X =[] X, is completely regular.
First, we prove that one-point sets are closed in X.
Since each X, is completely regular, each X, is regular.
Then X =[] X, is regular.
— each one point set is closed.

Now, let b = (b,) be a point of X and let A be a closed set of X disjoint from b.
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Choose a basis element [ [ U,, containing b that doesn’t intersect A, where U, = X,,
except for finitely many « say aq, as, ..., ay,.

Now, we have b, € U,, C X,, and X,,, — U, is a closed set in X, disjoint from b,,
fori=1,2,..n.

Since each X,, are completely regular, given i = 1,2, ...,n, choose a continuous
function f; : X,, — [0, 1] such that f;(b,,) =1 and f;(X,, — U,,) = {0}.

We know that 7, : [[ Xo. — X,, is a continuous map.

Then ¢; = fiom,, : [[ Xa — [0,1] is a continuous function because the composition

of two continuous functions is continuous.

sz(X_HUa)) = fiowai(X_HUa)
= fi(XOéz‘ - Uai)
- {o}.

Thus, 6i(X —I1Us) ={0} fori=1,2,..,n.
Also,

¢i(b) = fioma,(b)
= Ji(ma, (b))
= fi(ba,)
= 1

Consider the product f = ¢1.¢s...¢,,.
Then f : [[ X, — [0,1] defined by f(z) = ¢1(x).¢2(z)...0,(z) is a continuous
function.

- f(0) = ¢1(D).¢2(D)...0n (b) = 1.
Since ANT[ U, = 0,

J(X = HUa) = oi(X - HUa)¢2<X - HUa)¢n(X - HUa)
= {o.

= f(A4) ={0}.
. [ X, is completely regular. m
[1 pletely reg
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Let Us Sum Up:

In this section, we have discussed the following concepts:
1. The Urysohn Lemma

2. Completely regular space

Check your Progress:

1. The Urysohn Lemma is true in a .........

(A) Regular space (B) Hausdorff space

(C) Normal space (D) None of these
2. Which of the following is not true?

(A) Product of Hausdorff spaces is Hausdorff
(B) Product of regular spaces is regular
(C) Product of normal spaces is normal

(D) None of these
3. Which of the following is not true?

(A) Arbitrary product of completely regular spaces is completely regular
(B) A subspace a completely regular spaces is completely regular
(C) Finite product of completely regular spaces is completely regular

(D) None of these

5.5 The Urysohn Metrization Theorem

Theorem 5.5.1. (Urysohn metrization theorem).

Every regular space X with a countable basis is metrizable.

Proof. We shall prove that X is metrizable by imbedding X in a metrizable space Y.

That is, by showing X homeomorphic with a subspace of Y .
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Step 1: We prove that there exists a countable collection of continuous functions
fn : X — [0, 1] having the property that given any point x, of X and any n neighbor-
hood U of x, there exists an index n such that f,, is positive at zy and vanishes outside
U.

Let { B, } be a countable basis for X.
Then, given z, € X and given a neighborhood U of x(, we can choose a basis element
B,, such that o € B,, C U.

Since B,, is an open set containing x(, by the regularity of X, 3 a neighborhood V'
of 2, such that V C B,,.
.. We can choose a basis element B,, so that z; € B,, C V.

=19y € B,and B, CV C B,, = B, C B,,.
Also, B,, and X — B,, are disjoint closed subsets of the normal space X.
. By Urysohn lemma, for each pair n, m of indices for which B,, C B,,, we can choose
a continuous function g, ,, : * — [0, 1] such that

Gnm (Bn) = {1} and gy, (z — B,) = {0}.
= Gnm (¥9) =1 > 0and g, ,,(x — U) = {0}.
. {9gnm} is a countable collection of continuous functions from X to [0, 1].
So, this collection can be reindexed with the positive integers as {f,,}.
Step 2 :

Consider the metrizable space R“ in the product topology.

Define F': X — R¥ by F(z) = (fi(z), fo(z),...).
To prove: F' is an imbedding.

Since R“ has the product topology and each f,, is continuous, we have F' is contin-
uous.

Next, let z,y € X such that x # y.

Choose a neighborhood U of = disjoint from y, because X is Hausdorff.

Then by Step.1, there exists some index n such that f,,(z) > 0 and

faly) = 0.

= fu(z) # fa(y) for the above n.
= F(x) # F(y).

.. F' is injective.
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Finally, we prove that F' is a homeomorphism of X onto its image z = F(z) of R“.
(i.e) We need to show that £’ is open.
Let U be open in X.
To prove: F(U) is open in Z.
Let zo € F(U).
Then, there exists 2y € U such that F'(zq) = 2.
.. By Step.1, there exists an index N such that fy (z¢) > 0 and fy(z — U) = {0}.
Consider the open ray (0, 4+o0) in R, and the projection map my : R¥ — R.
Since 7y is continuous, 7' ((0, +00)) = V(say) is open in R¥.
Let W =V N Z. Then W is open in Z.
Claim: zp € W C F(U).
We know that 2y € F(U) C Z C R,
2.7 (20) =y (F (20)) = fv (9) >0
= 7y (20) € (0, +00)
= 20 € m5' ((0, +00)) = V.
Thus zy € W.
Next, let z € .
= zemy'((0,00))and z € Z
= mn(z) € (0,00) and z = F(x) for some z € X.
= mn(F(z)) = fn(z) € (0,00)
(i.e) fn(x) > 0.

Since fy vanishes outside U, the point z must be in U.
= F(z) € F(u)

That is, z € F(U).
Hence, W C F(U)
. W is an open set of Z such that z, € W C F(U).
= F(U) is open in Z.
Thus, F' is an imbedding of X in R“. O
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Theorem 5.5.2. (Imbedding theorem).

Let X be a space in which one-point sets are closed.

Suppose that {f,}.c; is an indexed family of continuous functions f, : X — R
satisfying the requirement that for each point x, of X and each neighborhood U of
xo, there is an index « such that f, is positive at =, and vanishes outside U.

Then the function F : X — R’ defined by

F(X> = (fa(x»aEJ

is an imbedding of X in R”.
If f, maps X into [0, 1] for each «, then F imbeds X in [0,1]’.

Proof. The proof is almost a copy of Step 2 of the preceding proof. One merely replaces
n by a, and R* by R”, throughout. One needs one-point sets in X to be closed in order

to be sure that given x # y, there is an index « such that f,(z) # f.(y). O

A family of continuous functions that satisfies the hypotheses of this theorem is said
to separate points from closed sets in X. The existence of such a family is readily seen
to be equivalent, for a space X in which one-point sets are closed, to the requirement

that X be completely regular. Therefore, one has the following immediate corollary:

Theorem 5.5.3. A space X is completely regular if and only if it is homeomorphic

to a subspace of [0, 1]’ for some J.

Let Us Sum Up:

In this section, we have discussed the following concepts:
1. The Urysohn metrization theorem

2. Imbedding theorem

Check your Progress:

1. Every regular space with a countable basis is

(A) normal only (B) metrizable only

(C) both normal and metrizable (D) None of these
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2. Which of the following is not true?

(A) Every regular space with a countable basis is normal
(B) Every regular space with a countable basis is metrizable
(C) Every regular space with a countable basis is second countable

(D) None of these

3. Which of the following is not a countable basis for R?

(A) {(a,b):a,beQ} B) {(a,b) : a,b e Z}

(© {(a,b):a,beR} (D) None of these

5.6 The Tietze Extension Theorem

Theorem 5.6.1. (The Tietze Extension Theorem).

Let X be a normal space and let A be a closed subspace of X.

(a) Any continuous map of A into the closed interal [a,b] of R may be extended

to a continuous map of all of X into |[a, b].

(b) Any continuous map of A into R may be extended to a continuous map of all

of X into R.

Proof. Step 1:
Let f : A — [—r,r] be continuous.

Let us construct a continuous function g : x — R such that
1
lg(z)| < 3" Vx € Xand
2

l9(a) = fla)] < gr Va € A

Divide the interval [—r, r] into three equal intervals I, I5, I3 of length %r.
-1 -1 1 1
oL = {—r, ?r} Ay = {?n 57} 3 = [gr, T:|

Take B = f_l (Il) and C = f_l ([3)
Since [; and I3 are disjoint closed subsets of [—r, 7] and since f is continuous, we

have B and C are disjoint closed subsets of A.
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Since A is closed in X, B and C' are closed in X.

.. By Urysohn lemma, there exists a continuous function g : X — I, such that
g(x) = Str for each x in B, and g(x) = 5 for each z in C.

Then |g(z)| < 3r Vz € X.
Claim: |g(a) — f(a)] < 2r Va € A.

Leta € A.

Then there are 3 cases.

If o € B then f(a) € I; and g(a) = F'r € 11, and hence |f(a) — g(a)| < 3r.

If a € C, then f(a) € Iy and g(a) = 3r € I3, and hence |g(a) — f(a)|

Ifa ¢ BUC then f(a) € I, and g(a) € I», and hence |g(a) — f(a)| <

Hence our claim.
Step.2:

We now prove part (a).

Without loss of generality, we can replace the arbitrary closed interval [a, b] of R by
the interval [—1, 1].

Let f : A — [—1,1] be a continuous map.

Then by Step 1, with r = 1, there exists a continuous function g; : X — R such

that

1
|g1(z)] < 3 VrEX

and |f(a) —g(a)| <

Now, consider the function f — g;.

Va € A.

[GV

2 2

It maps A into [—2, Z] and is continuous.

So, applying Step.1 with r = %, we get a continuous function g, : X — R such that

1/2
|g2($)’§§<§) Vre X

and  [f(a) ~ 1(0) ~ ga(a)] < - (§) Vac A.

Then, we apply Step.1 to the function f — g; — g, and so on.
At the general step, we have real-valued functions ¢, ¢, . . ., g,, defined on all of X

such that

@ - gl -l < (5) veea M
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and |g, ()| <1 (2)"" vreX.
Applying Step.1so f—g; —--— g, withr = (%)n, we obtain a continuous function

Jni1 : X — R such that
1 /2\"

and |f(a) = gi(a) = -+ — gus1(0)| < (3)""" Vae A.

Thus by induction, the functions g, are defined for all n.

S
n=1

Since |g,(z)| < 1 (2)""" and since the geometric series > (%)%1 converges,

3\3
by comparison test >, g,,(z) also converges.
So, define g(z) = > | gn(x), Vo € X.

To prove that ¢ is continuous, it is enough to show that ) g,(z) converges to g(x)
uniformly, because all g,,’s are continuous.
Let (s,) be the sequence of partial sum of > g,.

Then, for & > n,

o) = sal@)] = |3 gila) = i)

k

= Z gi(x)

i=n+1

IA
(]
S
&

VAN
| —
[~]¢
VN
(UL ) Wl N
N———
L

Fixing n and letting k — oo, we get
2 n
lg(x) — sp(2)] < (5) Ve e X.
.. (sp) — g uniformly.
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= ¢ is continuous.
Next, we show that g(a) = f(a) Va € A.
By (1)), we have

|f<a> =Y 0(@)| = (@)~ su(@)] < (;) vae A

= lim s,(a) = f(a) Yae€ A
n—oo

= g(a) = f(a) Va € A, because lim s,(x) = g(zx).

n—oo
Finally, we show that ¢ maps X into the interval [-1, 1].
We have g : X — R is continuous.

Since

l9(x)] =

for all x € X, we have g is a continuous function from X into [—1, 1].
Step 3:
We now prove part (b).
Suppose that f : A — R is continuous.
Since R is homeomorphic to (—1, 1), we can replace R by (—1,1).
(i.e) f is a continuous function from A to (—1,1).
Then by (a), f can be extended to a continuous map g : X — [—1, 1].
But, we need a continuous function i : X — (—1,1).
Given g, let us define a subset D of X by D = g~ '({-1}) U ¢~ '({1}).
Since ¢ is continuous, D is closed in X.
Because g(A) = f(A) C (—1,1), the closed sets A and D are disjoint.
.. By the Urysohn lemma, there is a continuous function ¢ : X — [0, 1] such that
¢(D) = {0} and ¢(A) = {1},
Define h(z) = ¢(x)g(z) Ve X.

Clearly, & is continuous, and 4 is an extension of f, because for a € A,
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Finally, we prove that ~ maps X into (—1,1).
Letx € X.
If v € D, then h(z) = 0.g(x) = 0.
If x ¢ D, then |g(z)| < 1, and hence |h(z)| < 1.|g(z)] < 1.
= In either case, |h(x)| < 1.
= h(z) e (—1,1).

h: X — (—1,1) is the required continuous function. O

Let Us Sum Up:

This section dealt with the problem, of extending a continuous real-valued function
that is defined on a subspace of a space X to a continuous function defined on all of

X, known as the Tietze extension theorem.

Check your Progress:

1. If A is a closed subspace of the normal space X, then any continuous map of A
into the closed interal [a, b] of R may be extended to a continuous map of all of
X into [a, b]. This is known as ...........
(A) Urysohn Metrization Theorem
(B) Tietze Extension Theorem
(C) Imbedding theorem

(D) None of these
2. The Tietze extension theorem is true in a .........

(A) Regular space (B) Hausdorff space

(C) Normal space (D) None of these
3. The Tietze extension theorem implies .........

(A) Urysohn lemma
(B) Urysohn Metrization Theorem
(C) Imbedding theorem

(D) None of these
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Unit Summary:

This unit dealt with some countability and separation axioms with their conse-
quences. Further, major results, like, Urysohn Metrization Theorem and the Tietze

Extension Theorem were proved as applications of Urysohn lemma.

Glossary:
o {Uytnez, - Countable collection of neighborhoods U,
o {B,}nez, - Countable basis
o [0,1]7 - Arbitrary product of [0, 1] with itself, where .J is some index set

Self-Assessment Questions:

1. Prove or disprove: A subspace of a Lindelof space is Lindelof.

2. Give a counter example to prove that the product of two Lindelof spaces is not

Lindelof.
3. Is every Hausdorff space regular? Justify your answer.
4. Prove that a closed subspace of a normal space is normal.
Exercises:
1. Show that if X is Lindelof and Y is compact, then X x Y is Lindelof.
2. Show that every order topology is regular.

3. Let f,g : X — Y be continuous. Assume that Y is Hausdorff. Show that
{z|f(x) = g(z)} is closed in X.

4. Is R; second countable? Justify your answer.

5. Give an example showing that a Hausdorff space with countable basis need not

be metrizable.
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Answers for check your progress:

Section 5.1 1. (B) 2. (C) 3. (D)
Section 5.2 1. (A) 2. (O 3. (B)
Section 5.3 1. (A) 2. (D) 3. (O
Section 5.4 1. (O) 2. (C) 3. (D)
Section 5.5 1. (O 2. (D) 3. (O
Section 5.6 1. (B) 2. (O 3. (A)
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